cramer's rule simple examples

Demystifying Cramer's Rule: Simple Examples for Clear Understanding

cramer's rule simple examples are often the gateway to understanding a
powerful method for solving systems of linear equations. This article aims to
demystify Cramer's Rule by breaking it down with straightforward, step-by-
step examples. We will explore how to calculate determinants, construct the
necessary matrices, and ultimately arrive at the solutions for x, y, and
potentially z. You'll discover how Cramer's Rule elegantly handles systems of
varying sizes, from 2x2 to 3x3, and learn when it's a particularly effective
tool. By the end, you'll feel confident in applying Cramer's Rule to your own
linear equation problems.
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What is Cramer's Rule?

Cramer's Rule is a brilliant mathematical technique used to find the unique
solution to a system of linear equations, provided that the system has
exactly one solution. It's a method that relies heavily on the concept of
determinants, which are special scalar values calculated from square
matrices. Think of determinants as indicators; they tell us a lot about the
matrix, including whether a system of equations represented by that matrix
has a unique solution or not. When the determinant of the coefficient matrix
is non-zero, Cramer's Rule can be elegantly applied to isolate the values of
each variable in the system.



This rule offers a systematic approach, making it particularly useful for
solving systems where you need to find the exact value of each variable.
Unlike some other methods that might involve elimination or substitution,
Cramer's Rule directly computes each variable's value. It's like having a
special key for each variable, where each key is forged using the
determinants derived from the system's coefficients and constants. This
article will walk you through the process with simple examples, making this
powerful tool accessible and understandable.

Understanding Determinants: The Foundation of
Cramer's Rule

Before we dive into Cramer's Rule itself, it's absolutely crucial to grasp
the concept of determinants. A determinant is a single number that can be
calculated from the elements of a square matrix. This number holds
significant information about the matrix and, by extension, the system of
linear equations it represents. For Cramer's Rule to work, we need the
determinant of the coefficient matrix to be non-zero; otherwise, the system
either has no solutions or infinitely many solutions, and Cramer's Rule isn't
applicable.

Determinant of a 2x2 Matrix

Let's start with the simplest case: a 2x2 matrix. Suppose we have a matrix A
like this:

A = [[a, b], [c, d]]

The determinant of A, often denoted as |A| or det(A), is calculated using a
very straightforward formula: you multiply the elements on the main diagonal
(from top-left to bottom-right) and subtract the product of the elements on
the off-diagonal (from top-right to bottom-left). So, for our matrix A, the
determinant is:

|A] = (a d) - (b c)

It's a simple cross-multiplication and subtraction. For instance, if A = [[2,
31, [1, 411, then |A] = (2 4) - (3 1) =8 - 3 =05.

Determinant of a 3x3 Matrix

Calculating the determinant of a 3x3 matrix is a bit more involved, but we
can simplify it using a technique often called cofactor expansion or by using
a visual trick. Let's consider a general 3x3 matrix B:

B =[[a, b, c], [d, e, f], [g, h, i]]



To find |B|, we can pick a row or column (the first row is usually the
easiest to work with) and use the following formula:

|B|] =a |[e, f], [h, 11| - b [[d, f], [g, il| + c [[d, e]l, [g, h]]

Notice how we're breaking down the 3x3 determinant into calculations of 2x2
determinants. For each element in the first row (a, b, c), we:

e Multiply the element by the determinant of the 2x2 matrix formed by
removing the row and column that element is in.

e Apply alternating signs: the first term is positive, the second is
negative, and the third is positive.

Let's calculate the 2x2 determinants within the formula:

e |[e, fI, [h, 1]] = (e 1) - (f h)
e |[d, f], [g, i]] = (d 1) - (f g)
e |[d, e]l, [g, h]l| = (d h) - (e g)

Substituting these back into the formula for |B| gives us the full expansion.
For example, if B = [[1, 2, 3], [0, 1, 4], [5, 6, 0]], then:

olBl:

o

|[1r 4]: [6I 0]' -2|[01 4]; [Sr 0]|+3|[01 1]r [51 6]|

Bl =1 ((10) - (46)) -2 ((600) -(45))+3((06) - (15))

Bl =1 (0 -24) -2 (0 - 20) +3 (0 - 5)
e [B| =1 (-24) - 2 (-20) + 3 (-5)

« |B| = -24 + 40 - 15

Bl =1

Cramer's Rule for a 2x2 System: A Step-by-Step
Example

Now that we've got a handle on determinants, let's see Cramer's Rule in
action with a simple 2x2 system. Imagine you have the following equations:



Setting up the System

Consider the system of linear equations:
2X + 3y =7
X -y=1

The first step is to represent this system in matrix form. We'll create a
coefficient matrix (let's call it A) containing the coefficients of x and vy,
and a constant vector (let's call it B) containing the numbers on the right-
hand side of the equations.

Coefficient Matrix A:

e The first row comes from the first equation: [2, 3]

e The second row comes from the second equation: [1, -1]

SO, A = [[Zr 3]; [1p '1]]-
Constant Vector B = [[7], [11].

Calculating the Determinant of the Coefficient
Matrix

The determinant of our coefficient matrix A is denoted as D or |A|. Using the
formula for a 2x2 determinant:

D=]Al = (2 -1) - (3 1)
D=-2-3
D=-5

Since our determinant D is -5, which is not zero, we know this system has a
unique solution, and Cramer's Rule can be applied.

Calculating the Determinant for x

To find the value of x, we create a new matrix, let's call it Ax. We take the
original coefficient matrix A and replace its first column (the column
corresponding to the coefficients of x) with the constant vector B. The
second column remains unchanged.

AX = [[71 3]: [11 -1]]

Now, we calculate the determinant of Ax, denoted as Dx or |Ax]|:



Dx = |[Ax| = (7 -1) - (3 1)
Dx = -7 - 3
Dx = -10

Calculating the Determinant for y

Similarly, to find the value of y, we create a matrix Ay. We take the
original coefficient matrix A and replace its second column (the column
corresponding to the coefficients of y) with the constant vector B. The first
column remains unchanged.

Ay = [[2, 7], [1, 1]]

Now, we calculate the determinant of Ay, denoted as Dy or |Ay]|:
Dy = |Ay| = (2 1) - (7 1)

Dy =2 -7

Dy = -5

Finding the Solution

Cramer's Rule states that the solution for each variable is the ratio of its
corresponding determinant (Dx, Dy, etc.) to the determinant of the
coefficient matrix (D).

For x:

x=Dx /D

x =-10 / -5

X =2

For y

y=Dy /D

y=-5/-5
=1

So, the solution to our system of equations is x = 2 and y = 1. We can
quickly check this: 2(2) + 3(1) =4 + 3 =7 (correct!), and 2 - 1 =1
(correct!).



Cramer's Rule for a 3x3 System: A More Complex
Example

Let's step up the complexity a bit and tackle a 3x3 system. These systems
involve three variables (x, y, and z) and three linear equations. While the
process is similar to the 2x2 case, the determinant calculations are more
involved.

Setting up the 3x3 System

Consider the following system of equations:
X+ 2y + 32 =6
2X -y +z =2
3X+y -2z=2

First, we form the coefficient matrix (A) and the constant vector (B).

Coefficient Matrix A:
eRow 1: [1, 2, 3]
e Row 2: [2, -1, 1]
e Row 3: [3, 1, -1]

A = [[1r 2' 3]; [2, '11 1]; [31 1, '1]]
Constant Vector B = [[6], [2], [2]]

Calculating the Determinant of the Coefficient
Matrix (D)

This is our main determinant, D. Using the cofactor expansion along the first
row:

D = 1 |['1l 1]; [1r '1]| - 2 |[21 1]; [3r '1]| + 3 |[21 '1]1 [3I 1]|

Let's calculate each 2x2 determinant:

b |['1' 1]r [1r '1]| = ('1 '1) - (1 1) =1-1-= 0

e |[2, 1], [3, -1]] (2 -1) - (13) =-2-3=-5

(2 1) - (-1 3)
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b |[21 '1]1 [31 1]|



Now, substitute these back into the formula for D:
D=1(0) - 2 (-5) + 3 (5)

D 0+ 10 + 15

D =25

Since D = 25 (non-zero), we can proceed with Cramer's Rule.

Calculating the Determinant for x (Dx)

To find Dx, we replace the first column of A with B:
AX = [[6r 2! 3]r [2I '1r 1]: [21 1; '1]]

Now, calculate the determinant of Ax using cofactor expansion along the first
row:

DX = 6 |[-1I 1]1 [11 _1]| - 2 |[2r 1]1 [21 _1]| + 3 |[2r -1]I [21 1]|

Calculate the 2x2 determinants:
® |['1' 1]r [1r '1]| = ('1 '1) - (1 1) =1-1=0

b |[21 1]: [21 '1]|

(2-1) - (12) =-2-2= -4

e |[2, -11, [2, 1]| = (21) - (-1 2)
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Substitute back:

Dx =6 (0) - 2 (-4) + 3 (4)
Dx =0 + 8 + 12
Dx = 20

Calculating the Determinant for y (Dy)

For Dy, we replace the second column of A with B:
Ay = [[1r 6! 3]' [21 2; 1]; [31 2, '1]]

Calculate the determinant of Ay:
Dy = 1 |[21 1]; [27 '1]| - 6 |[21 1]; [3I -1]| + 3 |[21 2]! [3r 2]|
Calculate the 2x2 determinants:

b |[2, 1]; [Zr '1]| '2 - 2

(2 -1) - (1 2)
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® |[21 1]: [31 '1]|
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(2 -1) - (1 3) -2 - 3



e |[2, 21, [3,2]| =(22) - (23)=4-6-= -2

Substitute back:

Dy =1 (-4) - 6 (-5) + 3 (-2)
Dy = -4 + 30 - 6

Dy = 20

Calculating the Determinant for z (Dz)

For Dz, we replace the third column of A with B:
AZ = [[11 21 6]1 [2I '11 2]1 [3I 11 2]]

Calculate the determinant of Az:
DZ = 1 |[_1r 2]; [1p 2]| - 2 |[21 2]; [3r 2]| + 6 |[2p '1]p [3r 1]|

Calculate the 2x2 determinants:
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e |[-1, 21, [1, 2]| = (-1 2) - (2 1)
e |[2, 2], [3,2]] =(22) - (23)=4-6= -2

® |[2r '1]r [31 1]| = (2 1) - ('1 3)
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Substitute back:

Dz 1 (-4) - 2 (-2) +6 (5)
Dz = -4 + 4 + 30

Dz = 30

Finding the Solution for the 3x3 System

Now we can find the values of X, y, and z by dividing their respective
determinants by D:

X =Dx / D =20/ 25 = 4/5
y =Dy /D=20/25=4/5
2 =Dz /D =30/ 25=6/5

So, the solution to our 3x3 system is x = 4/5, y = 4/5, and z = 6/5. It's a
good practice to plug these values back into the original equations to verify
the solution.



When is Cramer's Rule a Good Choice?

While Cramer's Rule is a powerful tool, it's not always the most efficient
method for every situation. It shines when you need to find the exact values
of each variable in a system of linear equations, especially when the system
is relatively small (2x2 or 3x3) and the determinant of the coefficient
matrix is non-zero. It offers a direct, algorithmic approach that can be
easier to follow than iterative substitution or elimination for some
learners. If you're dealing with symbolic solutions or need to understand how
changing constants affect the variables, Cramer's Rule can be particularly
illuminating.

Furthermore, Cramer's Rule is excellent for theoretical purposes and for
deriving general formulas. It provides a clear formulaic way to express the
solution of a system in terms of its coefficients and constants. If you're in
a scenario where computational efficiency for very large systems isn't the
primary concern, and clarity and directness are valued, then Cramer's Rule is
a fantastic choice. It’s also a great way to practice your determinant
calculation skills, which are fundamental in many areas of linear algebra and
beyond.

Potential Pitfalls and Considerations

Despite its elegance, Cramer's Rule has its limitations and potential
pitfalls that are important to be aware of. The most significant constraint
is that it only works for systems of linear equations that have a unique
solution. This means the determinant of the coefficient matrix (D) must be
non-zero. If D = 0, the system is either inconsistent (no solutions) or has
infinitely many solutions, and Cramer's Rule cannot be applied to find a
specific answer.

Another consideration is computational expense. For systems with a large
number of variables (say, 5x5 or larger), calculating determinants becomes
extremely computationally intensive. The number of calculations grows rapidly
with the size of the matrix. In such cases, methods like Gaussian elimination
or LU decomposition are far more efficient. So, while Cramer's Rule is
excellent for small, well-behaved systems, it's not the go-to method for
large-scale problems. Always ensure you check the determinant first before
committing to Cramer's Rule for a solution.

FAQ

Q: What is the main advantage of using Cramer's Rule



over other methods like substitution or elimination?

A: The primary advantage of Cramer's Rule is its directness and systematic
approach for finding the unique solution to a system of linear equations. It
provides explicit formulas for each variable, making it easy to isolate
individual variable values without the step-by-step elimination or
substitution process. This can be particularly helpful for conceptual
understanding and for systems with symbolic coefficients.

Q: Can Cramer's Rule be used to solve systems with
no solutions or infinite solutions?

A: No, Cramer's Rule can only be applied to systems of linear equations that
have a unique solution. This is determined by checking if the determinant of
the coefficient matrix is non-zero. If the determinant is zero, the system
has either no solutions or infinitely many solutions, and Cramer's Rule is
not applicable.

Q: How do I calculate the determinant of a 2x2
matrix for Cramer's Rule?

A: For a 2x2 matrix [[a, b], [c, d]], the determinant is calculated as (a d)
- (b c). You multiply the elements on the main diagonal and subtract the
product of the elements on the off-diagonal.

Q: Is Cramer's Rule practical for solving systems
with many variables, like 10x10 systems?

A: Generally, no. While theoretically possible, calculating determinants for
large matrices (like 10x10) is computationally very expensive and time-
consuming. For such systems, methods like Gaussian elimination or matrix
inversion are much more efficient and practical. Cramer's Rule is best suited
for smaller systems (2x2 or 3x3).

Q: What does it mean if the determinant of the
coefficient matrix 1s zero when trying to use
Cramer's Rule?

A: If the determinant of the coefficient matrix is zero, it signifies that
the system of linear equations does not have a unique solution. This means
the system is either inconsistent (no solution exists) or dependent
(infinitely many solutions exist). In such cases, Cramer's Rule cannot be
used to find a specific numerical answer for the variables.



Q: How do I set up the matrices needed for Cramer's
Rule in a 3x3 system?

A: For a 3x3 system, you first create the coefficient matrix (A) from the
coefficients of x, y, and z. To find the determinant for a specific variable
(e.g., Dx for x), you replace the column corresponding to that variable's
coefficients in matrix A with the constant terms from the right side of the
equations. You do this for each variable (Dy, Dz).
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