commutative property of matrices (when
1t applies
The commutative property of matrices is a fundamental concept in linear
algebra, yet it's one that often trips up students and practitioners alike.
Unlike scalar multiplication, where the order of operations doesn't matter
(e.g., 2 3 =3 2), matrix multiplication is not generally commutative. This
means that for most matrices A and B, AB is not equal to BA. Understanding
when this crucial property does apply is essential for simplifying matrix
operations, solving systems of linear equations, and grasping deeper
mathematical concepts. This article will delve into the intricacies of matrix
commutativity, exploring the conditions under which matrices can be
multiplied in any order and the implications of this property in various
mathematical and scientific applications. We will unpack the definition of
the commutative property in the context of matrices, identify specific
scenarios where it holds true, and examine the consequences of this
commutativity.
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Understanding the Commutative Property in
Mathematics

The commutative property is a core concept in mathematics that describes
whether the order of operands in an operation affects the outcome. For basic
arithmetic operations, such as addition and multiplication of numbers,
commutativity is a familiar feature. For instance, the addition property of
equality states that a + b = b + a, and the multiplication property of
equality states that a b = b a. This means that when you add or multiply two
numbers, you can switch their positions, and the result will remain the same.
This property simplifies many calculations and is fundamental to algebra.

In the realm of matrices, however, this straightforward concept becomes more
nuanced. Matrices are rectangular arrays of numbers, symbols, or expressions,
arranged in rows and columns. When we perform matrix multiplication, we are
not simply multiplying corresponding elements. Instead, it involves a more
complex process of taking the dot product of rows of the first matrix with
columns of the second matrix. This inherent complexity is the primary reason
why the commutative property, as understood with scalars, does not
universally apply to matrix multiplication.

Why Matrix Multiplication is Generally Not
Commutative

The core reason for the non-commutativity of matrix multiplication lies in
its definition. Consider two matrices, A and B, of dimensions m x n and n X
p, respectively. The product AB is defined and results in an m x p matrix.
For the product BA to be defined, the number of columns in B (p) must equal
the number of rows in A (m). Even when both AB and BA are defined, their
resulting dimensions might be different, making a direct comparison
impossible.

Let's illustrate with a concrete example. Suppose A is a 2x2 matrix and B 1is
also a 2x2 matrix.

Let A = [[a, b], [c, d]] and B = [[e, f], [g, hl].

The product AB is calculated as:
AB = [[ae + bg, af + bh], [ce + dg, cf + dh]]



Now, let's calculate BA:

BA = [[ea + gc, eb + gd], [fa + hc, fb + hd]]

As you can observe, the elements of AB are not generally equal to the
corresponding elements of BA. For instance, the element in the first row,
first column of AB is 'ae + bg', while in BA it is 'ea + gc'. Since scalar
multiplication is commutative (ae = ea), the difference arises from the 'bg'
and 'gc' terms. Only in very specific cases will these sums be equal, leading
to AB = BA.

This distinction is critical. It means that when working with matrices, the
order in which you perform multiplication matters significantly. Reversing
the order of multiplication can lead to a completely different result, or
even an undefined operation.

When the Commutative Property of Matrices
Applies

While matrix multiplication is generally not commutative, there are specific
scenarios and types of matrices for which the commutative property of
matrices holds true. Identifying these situations is key to efficiently
manipulating matrices in various mathematical and computational contexts.

Identity Matrix and Commutativity

The identity matrix, denoted by I, plays a special role in matrix algebra,
similar to how the number 1 behaves in scalar arithmetic. An identity matrix
is a square matrix with ones on the main diagonal and zeros everywhere else.
For any matrix A with which multiplication is defined, multiplying A by the
identity matrix (of the appropriate dimension) results in A itself.

If A is an m x n matrix, and I m is the m x m identity matrix and I n is the
n x n identity matrix, then:

eI mA

A

eAIn=A

This property means that the identity matrix commutes with any matrix it can
be multiplied with. For square matrices of the same dimension n, say A and I
(the n x n identity matrix), we have AI = IA = A. This makes the identity
matrix a fundamental element in exploring commutativity.



Scalar Matrices and Commutativity

A scalar matrix is a diagonal matrix where all the diagonal entries are
equal. It can be represented as kI, where k is a scalar and I is the identity
matrix. Scalar matrices are a special case of diagonal matrices, and they
also exhibit commutativity with other matrices under specific conditions.

Let S be a scalar matrix, S = kI. For any n x n matrix A, the product SA is
(kI)A = k(IA) = kA. Similarly, AS = A(kI) = k(AI) = kA. Therefore, SA = AS =
KA.

This means that scalar matrices commute with all matrices of the same size.
This is a significant departure from the general rule of non-commutativity
for matrices.

Diagonal Matrices and Commutativity

A diagonal matrix is a square matrix in which all the entries outside the
main diagonal are zero. Let D1 and D2 be two diagonal matrices of the same
dimension n x n. The product D1D2 is also a diagonal matrix, where each
diagonal entry is the product of the corresponding diagonal entries of D1 and
D2.

For example, if D1 = diag(al, a2, ..., an) and D2 = diag(bl, b2, ..., bn),
then D1D2 = diag(albl, a2b2, ..., anbn). Similarly, D2D1 = diag(blal, b2a2,
., bn'an).

Since scalar multiplication is commutative (aibi = biai), it follows that
D1D2 = D2D1. Therefore, any two diagonal matrices of the same dimension
commute with each other.

Commuting Matrices

Two matrices A and B are said to commute if AB = BA. This specific
relationship is what we mean by the commutative property of matrices applying
to them. When matrices commute, their multiplication order does not matter,
which can greatly simplify calculations and lead to important theoretical
results.

The set of matrices that commute with a given matrix A forms a specific
structure within the set of all matrices. This set can include the identity
matrix, scalar multiples of A, and other matrices that satisfy the AB = BA
condition.



Identifying commuting matrices is crucial in many areas, such as solving
systems of differential equations and in quantum mechanics, where operators
(often represented by matrices) that commute have simultaneous eigenvalues.

Specific Matrix Types Where Commutativity Holds

e Zero Matrix: The zero matrix, denoted by 0, is a matrix where all
entries are zero. Multiplying any matrix A by the zero matrix (of
appropriate dimensions) results in the zero matrix. Therefore, A0 = 0A =
0. The zero matrix commutes with all matrices it can be multiplied with.

e Invertible Matrices (Under Specific Conditions): While not all
invertible matrices commute, if a matrix A is invertible, and B commutes
with A (AB = BA), then B also commutes with A-'. This is because AB = BA
implies A-1(AB) = A-*(BA), which simplifies to BA-! = A-'B. This is a
powerful result that shows that properties of commutativity can extend
to related matrices like inverses.

Properties of Commuting Matrices

When two matrices A and B commute (AB = BA), several useful properties arise.
These properties are not true for matrices that do not commute and are a
direct consequence of the commutative relationship.

e Powers of a Matrix Commute: For any square matrix A, A" commutes with A"
for any non-negative integers n and m. This is because AnMA™ = An+m™ and
AmAn = Am+n  and since addition of exponents is commutative, A"A™ =
AmAn., This property is fundamental when dealing with matrix exponentials
and series expansions involving matrices.

e Matrices that Commute with A Commute with Powers of A: If AB = BA, then
for any positive integer n, A"B = BA". This can be proven by induction.
The base case n=1 is given (AB = BA). Assume it holds for k, i.e., AB =
BAk. Then Ak+1B = A(A*B) = A(BAx) = (AB)Ak = (BA)Ax = B(AAX) = BAk+1,

e If A and B commute, then AB = BA. This is the defining property.
e If A and B commute, and C commutes with both A and B, then ABC = ACB =

BAC = BCA = CAB = CBA. The product of matrices that all commute with
each other is commutative regardless of the order of multiplication.



Understanding these properties allows for significant simplifications in
algebraic manipulations involving matrices. For instance, in the context of
Taylor series expansions of matrix functions like e?, commutativity is often
a prerequisite for straightforward application of the scalar series.

Applications of the Commutative Property of
Matrices

The scenarios where the commutative property of matrices applies, even if
limited, are crucial in various fields of science, engineering, and
mathematics.

e Quantum Mechanics: In quantum mechanics, observables are represented by
operators, which are often realized as matrices. The Heisenberg
uncertainty principle is directly related to the non-commutativity of
certain operators (e.g., position and momentum). Conversely, if two
operators commute, it means the corresponding observables can be
measured simultaneously with arbitrary precision, and they share a
common set of eigenvectors. This is a cornerstone of quantum theory.

e Differential Equations: Solving systems of linear differential equations
often involves matrix exponentials. If the matrices involved in the
system commute, the solution can often be simplified significantly. For
instance, if dX/dt = AX and dY/dt = BY where A and B commute, then the
system can be analyzed more easily.

e Computer Graphics and Image Processing: Transformations in computer
graphics are often represented by matrices. While individual
transformations might not commute (e.g., rotation and scaling might
produce different results depending on the order), understanding
specific sequences or when certain operations commute can optimize
algorithms.

e Linear Algebra Theory: The concept of commuting matrices is central to
advanced topics in linear algebra, such as diagonalization, Jordan
normal forms, and the spectral theorem for normal matrices. Matrices
that commute with their transpose or conjugate transpose (normal
matrices) have special properties that facilitate analysis and
computation.

e Control Theory: In the design and analysis of control systems, the

commutativity of matrices can simplify feedback laws and system
stability analysis.

The power of matrix operations is often unlocked when commutativity can be



leveraged. Recognizing when AB = BA allows for more efficient algorithms,
deeper theoretical insights, and more straightforward problem-solving.

Conclusion: The Significance of Matrix
Commutativity

In summary, the commutative property of matrices, where the order of
multiplication does not affect the outcome (AB = BA), is a special condition
that does not hold true for general matrix multiplication. This fundamental
difference from scalar arithmetic arises from the distinct nature of matrix
multiplication. However, understanding the specific instances when this
property does apply is of paramount importance.

We have explored that the identity matrix and scalar matrices are key
examples of matrices that commute with any matrix they can be multiplied by.
Furthermore, any two diagonal matrices of the same dimension commute.
Matrices that specifically satisfy the AB = BA condition are known as
commuting matrices, and their interactions reveal significant mathematical
properties. The applications of matrix commutativity span across critical
scientific disciplines, including quantum mechanics, where it defines the
possibility of simultaneous measurements, and in the simplification of
solutions for systems of differential equations.

By recognizing and understanding the commutative property of matrices in its
applicable contexts, mathematicians and scientists can unlock more efficient
methods, gain deeper insights into complex systems, and advance the frontiers
of their respective fields. The study of when matrices commute is not merely
an academic exercise but a vital tool for problem-solving and theoretical
development.

Frequently Asked Questions

When does the commutative property apply to matrix
multiplication (i.e., when is AB = BA)?

The commutative property for matrix multiplication (AB = BA) generally does
NOT apply. It only holds true for specific cases, such as when matrices are
scalar multiples of each other, or in certain advanced algebraic structures.
For general matrices A and B, AB is not necessarily equal to BA.

If A and B are square matrices of the same



dimension, does AB = BA always hold?

No, AB = BA does not always hold even if A and B are square matrices of the
same dimension. Matrix multiplication is inherently non-commutative in
general.

Can you give an example of two matrices where the
commutative property of multiplication holds?

Yes. If A is any square matrix and B is the identity matrix (I) of the same
dimension, then AI = IA = A. Also, if A is a scalar multiple of the identity
matrix (A = cI), then AB = BA for any matrix B of the same dimension.

What is the condition for two matrices A and B to
commute (AB = BA)?

There isn't a single simple condition that guarantees AB = BA for all
matrices. However, if A and B are square matrices of the same dimension, they
commute if and only if they share a common basis of eigenvectors, and the
eigenvalues in the corresponding positions are equal. This is a more advanced
concept.

Does the commutative property apply to matrix
addition?

Yes, the commutative property does apply to matrix addition. For matrices A
and B of the same dimensions, A + B = B + A.

Are there any special types of matrices that always
commute with each other?

Yes, some special types of matrices commute. For example, a matrix always
commutes with itself (A A = A A), and any matrix commutes with the identity
matrix (AI = IA) and the zero matrix (A® = OA).

What does it mean for matrices to be 'similar' in
relation to the commutative property?

Two matrices A and B are similar if there exists an invertible matrix P such
that B = P-*AP. If two matrices are similar, and one of them commutes with a
specific matrix, the other one might not necessarily commute with the same
matrix in the same way.

If A commutes with B (AB=BA), does B necessarily



commute with A?

Yes, if A commutes with B (meaning AB = BA), then B also commutes with A
because the equality AB = BA is symmetric. This means the relationship of
commutation is mutual.

What is the practical implication of the non-
commutative nature of matrix multiplication?

The non-commutative nature of matrix multiplication is crucial in many
applications. For instance, in computer graphics, the order in which
transformations (represented by matrices) are applied to an object matters.
Applying a rotation then a translation is generally not the same as applying
a translation then a rotation.

Additional Resources

Here are 9 book titles related to the commutative property of matrices, with
descriptions:

1.

The Commutative Heart of Matrix Operations

This foundational text delves into the specific conditions under which
matrices exhibit the commutative property, meaning AB = BA. It explores the
geometric and algebraic interpretations of this property, providing numerous
examples and proofs. The book is ideal for students and researchers seeking a
thorough understanding of when matrix multiplication behaves predictably.

2.

When Matrices Play Nice: Exploring Commutativity

This accessible introduction to matrix commutativity highlights its practical
implications in various fields. It moves beyond abstract theory to
demonstrate how commutative matrices simplify calculations and enable
specific analytical techniques. Readers will discover how recognizing
commutativity can streamline problem-solving in areas like differential
equations and linear transformations.

3.

The Algebra of Commuting Matrices: Theory and
Applications

This comprehensive volume offers a deep dive into the algebraic structures
that arise from sets of commuting matrices. It covers essential topics such
as simultaneous diagonalization, spectral theory for commuting families, and



their role in quantum mechanics. The book is geared towards advanced
undergraduates and graduate students in mathematics and physics.

4,

Beyond Commutativity: Non-Mendelian Matrix
Multiplication

While focusing on the commutative property, this book also contrasts it with
the more common non-commutative nature of matrix multiplication. It explains
why most matrix products are not commutative and illustrates the complexities
that arise when this property does not hold. The text serves as an excellent
primer for understanding the fundamental differences in matrix behavior.

5.

Commuting Matrix Families: Structure and
Classification

This specialized work investigates the properties and classification of sets
of matrices that all commute with each other. It explores the fundamental
theorems governing such families, including their relationship to
diagonalizability and their spectral properties. Researchers in linear
algebra and related computational fields will find this book invaluable.

6.

The Power of Commutation: Simplifying Matrix Systems

This book emphasizes the practical benefits of identifying and utilizing the
commutative property in managing systems of matrices. It showcases how
commutativity can lead to more efficient algorithms and simplified proofs in
applied mathematics and engineering. The text is designed for those who want
to leverage this property to enhance their computational work.

7.

Matrices That Commute: A Geometric Perspective

This engaging book explores the geometric transformations represented by
matrices and how commutativity relates to the composition of these
transformations. It visualizes the conditions under which the order of
applying linear transformations does not matter. The text is perfect for
students who benefit from visual and intuitive explanations of abstract
algebraic concepts.

8.



Commutativity in Quantum Mechanics: Operators and
Matrices

This advanced text examines the critical role of commuting operators,
represented by matrices, in the formulation of quantum mechanics. It explains
how commutativity is directly linked to the simultaneous measurability of
physical observables. The book is essential reading for anyone studying the
mathematical underpinnings of quantum theory.

9.

The Calculus of Commuting Matrices: Differentiation
and Integration

This unique book explores how the commutative property of matrices simplifies
calculus operations involving matrix functions. It demonstrates how
commutativity allows for element-wise differentiation and integration in
certain cases, leading to elegant solutions. The text is aimed at
mathematicians and scientists who use matrix calculus in their research.
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