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Introduction to Column Space in Python and Jupyter Notebooks

Understanding the column space of a matrix is a fundamental concept in linear algebra with profound
implications across various fields, including data science, machine learning, and scientific computing. When
working with numerical data in Python, particularly within the interactive environment of Jupyter
Notebooks, grasping the column space and how to compute and interpret it becomes essential for tasks like
solving systems of linear equations, analyzing data relationships, and understanding the dimensionality of
datasets. This article delves into the intricacies of column space, explaining its theoretical underpinnings
and demonstrating practical implementations using Python libraries like NumPy and SciPy within
Jupyter Notebooks. We will explore how to visualize and leverage the column space for insightful data
analysis, ensuring a comprehensive understanding for anyone working with matrices and vector spaces in
a Pythonic way.
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Understanding the Column Space of a Matrix

The column space, often denoted as Col(A) for a matrix A, is a core concept in linear algebra. It represents
the set of all possible linear combinations of the column vectors of a matrix. In simpler terms, if you take
the columns of a matrix and create every possible sum and scaled version of them, the collection of all
resulting vectors forms the column space. This space is a vector subspace of the larger space from which the
column vectors originate. For an m x n matrix A, where m is the number of rows and n is the number of
columns, the column vectors are in R^m, and thus, the column space is a subspace of R^m. Understanding
the column space helps us understand the range of outputs a linear transformation represented by the
matrix can produce.

In the context of data analysis, a matrix can represent a dataset where rows are observations and columns
are features. The column space then describes the possible relationships and combinations of these features.
If a vector is in the column space of A, it means there exists a solution to the equation Ax = b, where b is
that vector. This is a critical insight when dealing with data where we want to know if a certain outcome
or combination of factors is achievable.

Mathematical Definition and Properties of Column Space

Formally, let A be an m x n matrix with columns v1, v2, ..., vn. The column space of A, Col(A), is defined
as:

Col(A) = {y in R^m | y = c1v1 + c2v2 + ... + cnvn for some scalars c1, c2, ..., cn in R}

This definition highlights that any vector in the column space can be expressed as a linear combination of
the matrix's column vectors. This is a fundamental property and dictates how we approach computations
and interpretations.

Key properties of the column space include:

The column space is always a subspace of R^m, where m is the number of rows in the matrix A.

The dimension of the column space is equal to the rank of the matrix A. The rank is the maximum
number of linearly independent columns (or rows) in the matrix.

The column space is spanned by the linearly independent columns of the matrix.

A vector b is in the column space of A if and only if the system of linear equations Ax = b is
consistent (has at least one solution).



Understanding these properties is crucial for deeper analysis. For instance, knowing the rank of a matrix
tells us the effective dimensionality of the output space of the linear transformation. If the rank is less than
the number of columns, it implies that the columns are linearly dependent, meaning some columns can be
expressed as linear combinations of others.

Calculating Column Space in Python using NumPy

NumPy, the cornerstone of numerical computation in Python, provides powerful tools for matrix
operations, including those related to the column space. While NumPy doesn't have a direct function
explicitly named `column_space()`, we can effectively determine a basis for the column space using its
linear algebra module.

The most common method to find a basis for the column space involves using the Singular Value
Decomposition (SVD) or by finding the pivot columns after performing Gaussian elimination (or row
reduction) on the matrix. However, a more direct and often preferred approach in numerical linear algebra
for identifying a basis that spans the column space is by finding the linearly independent columns.

Let's consider how to find a basis for the column space using NumPy. One effective way is to find the
linearly independent columns. We can iterate through the columns and check for linear independence, but
a more robust method involves using concepts like QR decomposition or SVD.

Using QR Decomposition to find a basis for the column space:

The QR decomposition of a matrix A is given by A = QR, where Q is an orthogonal matrix and R is an
upper triangular matrix. The columns of Q that correspond to the non-zero diagonal entries of R form an
orthonormal basis for the column space of A. This method is numerically stable.

Here's a Python example using NumPy:

import numpy as np

Define a sample matrix
A = np.array([[1, 2, 3],
[4, 5, 6],
[7, 8, 9]])

Perform QR decomposition
Q, R = np.linalg.qr(A)

The rank of the matrix can be estimated by looking at the diagonal elements
of R
A common threshold is to consider diagonal elements greater than a small



tolerance
tolerance = np.finfo(R.dtype).eps  max(A.shape)
rank = np.sum(np.abs(np.diag(R)) > tolerance)

The first 'rank' columns of Q form an orthonormal basis for the column space
of A
column_space_basis = Q[:, :rank]

print("Matrix A:")
print(A)
print("\nOrthonormal basis for the column space of A:")
print(column_space_basis)

Another method, which is conceptually tied to finding pivot columns through row reduction, is to use the
`np.linalg.matrix_rank` function to determine the rank and then select that many linearly independent
columns. However, identifying which columns are linearly independent might require more careful
handling, often by looking at the pivot positions after a form of Gaussian elimination.

For practical purposes, and especially for understanding the dimensionality, the rank itself is often the most
sought-after piece of information. If you need an actual set of basis vectors, the QR decomposition approach
is generally preferred for its numerical stability and the fact that it provides an orthonormal basis.

Visualizing the Column Space with Matplotlib in Jupyter
Notebooks

Visualizing the column space, especially for matrices with few dimensions (2D or 3D), can significantly
enhance understanding. Matplotlib, a powerful plotting library in Python, is ideal for this task within
Jupyter Notebooks. We can plot the column vectors themselves and then illustrate how their linear
combinations fill the space.

For a 2xN matrix, the column space is a subspace of R^2 (a plane). We can plot the column vectors as
arrows originating from the origin. If the matrix is 3xN, the column space is a subspace of R^3, which could
be a line, a plane, or all of R^3.

Let's illustrate with a 2D example. Consider a matrix A where the columns are vectors in R^2. The column
space will be a line passing through the origin if the columns are linearly dependent and span only a 1D
space, or it will be the entire R^2 if the columns are linearly independent and span a 2D space.

Here's a conceptual example of how you might visualize this in a Jupyter Notebook:



import numpy as np
import matplotlib.pyplot as plt
from mpl_toolkits.mplot3d import Axes3D  For 3D plotting if needed

Example 1: 2D matrix, column space is a line
A_2d_line = np.array([[1, 2],
[2, 4]])  Columns are linearly dependent

Example 2: 2D matrix, column space is R^2
A_2d_plane = np.array([[1, 0],
[0, 1]])  Identity matrix, columns are linearly independent

def plot_column_space_2d(matrix, ax):
"""Plots the column vectors and their span in 2D."""
cols = matrix.shape[1]

Plot the column vectors
for i in range(cols):
ax.quiver(0, 0, matrix[0, i], matrix[1, i], angles='xy', scale_units='xy',
scale=1, color=f'C{i}', label=f'v{i+1}')

To visualize the span, we can plot a few linear combinations
For a 2D case, if linearly dependent, it's a line. If independent, it's the
plane.
We'll illustrate by showing a grid of combinations for independent cases if
possible
if np.linalg.matrix_rank(matrix) == 2:
Plot a grid representing the span of R^2
x_vals = np.linspace(-5, 5, 10)
y_vals = np.linspace(-5, 5, 10)
X, Y = np.meshgrid(x_vals, y_vals)
ax.plot(X, Y, 'k--', alpha=0.3, label='Span (R^2)')
elif np.linalg.matrix_rank(matrix) == 1:
Plot a line representing the span
v1 = matrix[:, 0]
if np.linalg.norm(v1) > 0:
t = np.linspace(-5, 5, 100)
line_x = t  v1[0]
line_y = t  v1[1]
ax.plot(line_x, line_y, 'r-', linewidth=2, label='Span (Line)')

ax.set_xlim([-5, 5])
ax.set_ylim([-5, 5])
ax.set_xlabel('X-axis')
ax.set_ylabel('Y-axis')
ax.set_title('Column Space Visualization')
ax.grid(True)
ax.axhline(0, color='grey', lw=0.5)
ax.axvline(0, color='grey', lw=0.5)
ax.set_aspect('equal', adjustable='box')
ax.legend()



Create figure and axes for the first example
fig1, ax1 = plt.subplots(figsize=(6, 6))
plot_column_space_2d(A_2d_line, ax1)
plt.show()

Create figure and axes for the second example
fig2, ax2 = plt.subplots(figsize=(6, 6))
plot_column_space_2d(A_2d_plane, ax2)
plt.show()

For 3D visualization, you would use Axes3D and plot vectors in 3D space.
This would involve defining two basis vectors and plotting their plane.
For matrices with more than 3 dimensions, direct visualization becomes
challenging,
and we rely on dimensionality reduction techniques to visualize projections.

In a Jupyter Notebook, executing these cells will display the plots directly. For 3D cases, you would adapt
the plotting to use `mpl_toolkits.mplot3d`. The key is to visualize the basis vectors and understand how
they generate the space.

Column Space and Solving Systems of Linear Equations

The column space plays a pivotal role in determining whether a system of linear equations has a solution.
Consider a system of linear equations represented by Ax = b, where A is an m x n matrix, x is an n x 1
vector of unknowns, and b is an m x 1 vector representing the constants.

The equation Ax = b has a solution if and only if the vector b is in the column space of A. This is because
the left side of the equation, Ax, represents a linear combination of the columns of A, with the coefficients
given by the entries in x. Therefore, if b can be formed by such a linear combination, it must belong to the
space spanned by the columns of A, which is precisely the column space.

Let's break this down:

If b is in Col(A), then there exists at least one vector x such that Ax = b. This means the system is
consistent.

If b is not in Col(A), then no linear combination of the columns of A can produce b, meaning the
system Ax = b has no solution.

In NumPy, we can check for consistency using the rank of the augmented matrix [A|b] and the rank of A.



The system Ax = b is consistent if and only if rank(A) = rank([A|b]).

Here’s how you can demonstrate this in Python:

import numpy as np

Example 1: System with a solution
A1 = np.array([[1, 1],
[2, 1]])
b1 = np.array([3, 5])  b1 is in the column space of A1 (e.g., 1A1[:,0] +
2A1[:,1] = [3, 5])

Example 2: System with no solution
A2 = np.array([[1, 2],
[2, 4]])
b2 = np.array([3, 4])  b2 is NOT in the column space of A2 (columns are
linearly dependent, span is a line)

Function to check for consistency
def check_consistency(A, b):
augmented_matrix = np.hstack((A, b.reshape(-1, 1)))
rank_A = np.linalg.matrix_rank(A)
rank_augmented = np.linalg.matrix_rank(augmented_matrix)

if rank_A == rank_augmented:
print("The system Ax = b has at least one solution.")
If consistent and rank_A == number of columns, a unique solution exists.
If consistent and rank_A < number of columns, infinite solutions exist.
if rank_A == A.shape[1]:
print("A unique solution exists.")
else:
print("Infinite solutions exist.")
else:
print("The system Ax = b has no solution.")

print("Checking System 1:")
check_consistency(A1, b1)

print("\nChecking System 2:")
check_consistency(A2, b2)

This demonstrates a core application of column space: determining the solvability of linear systems, a
concept fundamental in many scientific and engineering problems.



Applications of Column Space in Data Science and Machine
Learning

The concept of column space is pervasive in data science and machine learning, underpinning various
algorithms and analyses. Understanding how column vectors interact and span spaces allows for more
effective data processing and model building.

One key application is in feature selection and dimensionality reduction. When dealing with datasets that
have many features (columns in a data matrix), some features might be redundant or linearly dependent on
others. The column space analysis, particularly through techniques like Principal Component Analysis
(PCA) or Singular Value Decomposition (SVD), helps identify the underlying dimensionality of the data.
The non-zero singular values in SVD relate to the dimensions of the column space (and row space) that
capture the most variance in the data. By selecting components that correspond to these larger singular
values, we effectively work with a basis for a significant portion of the column space, reducing
dimensionality while retaining important information.

In linear regression, the column space of the design matrix (the matrix of independent variables) is crucial.
The model aims to find coefficients (x) such that Xβ ≈ y, where X is the design matrix, β is the vector of
coefficients, and y is the vector of dependent variables. A solution exists and is unique if and only if the
columns of X are linearly independent and the number of observations is sufficient. If the columns are
linearly dependent (multicollinearity), the system is ill-posed, and the column space has a dimension less
than the number of features, leading to unstable coefficient estimates.

Recommender systems often involve matrix factorization techniques. The underlying matrices can be
thought of as representing user-item interactions. The column space of these matrices can reveal latent
factors or characteristics that explain user preferences or item attributes. Understanding the structure of
these spaces helps in generating relevant recommendations.

Furthermore, in natural language processing (NLP), word embeddings represent words as vectors in a
high-dimensional space. The column space of a matrix containing these word embeddings captures semantic
relationships between words. Techniques like Latent Semantic Analysis (LSA) use SVD to reduce the
dimensionality of a term-document matrix, effectively operating within the column space (or related
row/singular value spaces) to uncover latent topics and semantic similarities.

In essence, whenever we deal with relationships between variables or attempt to understand the
underlying structure of data represented in a matrix format, the column space provides a critical lens for
analysis.



Common Pitfalls and Best Practices when Working with Column
Space in Python

When working with column space in Python, especially in data science contexts, several common pitfalls
can arise. Awareness of these and adherence to best practices can lead to more robust and accurate analyses.

Common Pitfalls:

Numerical Instability with Gaussian Elimination: While conceptually simple, directly implementing
Gaussian elimination to find pivot columns can be numerically unstable with floating-point
arithmetic. Small errors can lead to incorrect identification of linearly dependent columns.

Misinterpreting Rank: Assuming a matrix has full column rank without checking can lead to
incorrect conclusions about the uniqueness of solutions or the independence of features. Always
verify the rank.

Ignoring Data Scaling: For many algorithms that implicitly rely on vector norms or distances (which
are related to the column space), unscaled data can lead to features with larger magnitudes
dominating the analysis.

Over-reliance on Visualization: While visualization is helpful for low-dimensional data, it becomes
impossible for higher-dimensional spaces. Do not solely rely on visual intuition for high-dimensional
column space analysis.

Using `np.linalg.lstsq` for Exact Solutions: If a system Ax=b is inconsistent (b not in Col(A)),
`np.linalg.lstsq` will return the least-squares solution, which minimizes ||Ax - b||. This is not an exact
solution but the closest one in the column space.

Best Practices:

Use Robust Numerical Methods: Prefer SVD or QR decomposition over direct Gaussian elimination
for finding bases or determining rank, especially for ill-conditioned matrices. NumPy's `np.linalg.qr`
and `np.linalg.svd` are reliable choices.

Check Matrix Rank: Always use `np.linalg.matrix_rank()` to understand the effective dimension of
the column space before drawing conclusions about linear independence or solvability. Use a
reasonable tolerance if needed.



Scale Your Data: Before performing operations that involve vector norms or sensitivities to scale,
standardize or normalize your data. For example, using `sklearn.preprocessing.StandardScaler` is
common.

Leverage Libraries for Advanced Analysis: For complex tasks like dimensionality reduction or
feature extraction, utilize libraries like Scikit-learn, which implement advanced techniques built
upon linear algebra concepts.

Understand the Meaning of SVD Components: In SVD (A = UΣVᵀ), the columns of U corresponding
to non-zero singular values form an orthonormal basis for Col(A). The number of non-zero singular
values is the rank.

Document Your Assumptions: Clearly state assumptions about the column space and matrix
properties in your code and analysis.

By following these practices, you can navigate the complexities of column space computations more
effectively in Python.

Advanced Concepts and Further Exploration

The journey into column space doesn't end with basic definitions and calculations. Several advanced
concepts build upon this foundation, offering deeper insights into linear algebra and its applications.

One crucial concept is the projection onto the column space. If you have a vector b that is not in the column
space of A, you can find the vector in the column space that is closest to b. This closest vector is the
orthogonal projection of b onto Col(A), denoted as proj_Col(A)(b). This projection is often calculated as
A(AᵀA)⁻¹Aᵀb, provided AᵀA is invertible (which is true if A has linearly independent columns). This is
directly related to finding the least-squares solution to Ax=b.

The null space (or kernel) of a matrix A, denoted Null(A), is the set of all vectors x such that Ax = 0. The
column space and null space are intimately related through the Rank-Nullity Theorem, which states that
for an m x n matrix A, `rank(A) + nullity(A) = n`. Here, `nullity(A)` is the dimension of the null space.
This theorem highlights that the total number of columns (representing the input space) is partitioned into
those that map to the column space (the image of the transformation) and those that map to the zero vector.

Another related concept is the row space of a matrix A, which is the column space of its transpose, Col(Aᵀ).
The row space is spanned by the row vectors of A. An important result is that the dimension of the column
space (rank) is equal to the dimension of the row space. The column space and row space are orthogonal



complements in R^m and R^n respectively, in a sense related to the structure of the matrix.

For deeper exploration, consider:

The Pseudo-inverse: For matrices that are not square or are rank-deficient, the pseudo-inverse
(Moore-Penrose inverse) provides a generalized inverse. It has properties related to projections onto
the column and row spaces.

Numerical Linear Algebra Texts: Resources like "Linear Algebra and Its Applications" by Gilbert
Strang or "Matrix Computations" by Golub and Van Loan offer in-depth coverage of these topics and
their computational aspects.

Applications in Control Theory and Signal Processing: Concepts like controllability and observability
matrices, which are fundamental in these fields, are deeply rooted in the properties of column and
row spaces.

Engaging with these advanced topics will solidify your understanding of linear transformations and matrix
properties in computational contexts.

Conclusion: Harnessing the Power of Column Space in Python

The column space of a matrix is a fundamental concept in linear algebra, offering critical insights into the
behavior of linear transformations and the structure of data. In this comprehensive exploration, we have
delved into the definition, properties, and practical applications of column space, particularly within the
Python ecosystem and Jupyter Notebook environment. We've seen how NumPy provides the tools to
calculate and analyze the column space, often through methods like QR decomposition, to understand the
span and dimensionality of linear combinations of a matrix's columns.

Furthermore, we illustrated the importance of visualizing the column space using Matplotlib, which aids in
intuitive understanding, especially for lower-dimensional data. The direct link between the column space
and the solvability of systems of linear equations, a cornerstone of many computational problems, was
clearly demonstrated. We also highlighted how column space concepts are woven into the fabric of data
science and machine learning, from dimensionality reduction techniques like PCA and SVD to the analysis
of linear regression models and recommender systems.

By understanding potential pitfalls and adopting best practices, such as utilizing numerically stable
algorithms and properly scaling data, practitioners can effectively leverage the power of column space. For
those seeking a deeper understanding, advanced topics like projections, null spaces, and pseudo-inverses



offer further avenues for exploration. Ultimately, a solid grasp of column space in Python empowers users
to tackle complex mathematical and data-driven challenges with greater confidence and precision.

Frequently Asked Questions

What is the column space of a matrix in the context of Python and linear
algebra?
The column space of a matrix A (often denoted as Col(A) or C(A)) is the set of all possible linear
combinations of its column vectors. In Python, when working with libraries like NumPy or SciPy, you
can represent matrices as NumPy arrays. The column space essentially represents the span of these column
vectors, defining the range of outputs achievable by the linear transformation represented by the matrix.

How can I find a basis for the column space of a matrix using Python?
To find a basis for the column space in Python, you typically use the Singular Value Decomposition (SVD).
NumPy's `linalg.svd` function is excellent for this. The columns of the matrix U from the SVD that
correspond to non-zero singular values form an orthonormal basis for the column space of the original
matrix.

What is the rank of a matrix, and how is it related to the column space in
Python?
The rank of a matrix is the dimension of its column space (and also its row space). In Python, you can
compute the rank of a matrix using NumPy's `linalg.matrix_rank` function. This function often uses
methods like SVD or QR decomposition internally to determine the number of linearly independent
columns.

Can I visualize the column space of a matrix in a Python notebook?
Visualizing the column space directly in a general sense for matrices larger than 2x2 or 3x3 can be
challenging. However, for 2D or 3D vector spaces, you can use plotting libraries like Matplotlib to visualize
the column vectors and the subspace they span. For example, you could plot vectors in a 2D plane or
spheres/planes in 3D to represent the column space.

How do I determine if a vector is in the column space of a matrix using
Python?
A vector 'b' is in the column space of matrix 'A' if the system of linear equations Ax = b has a solution. In
Python, you can check this by examining the rank of 'A' and the rank of the augmented matrix '[A|b]'. If



`np.linalg.matrix_rank(A)` equals `np.linalg.matrix_rank(np.hstack((A, b.reshape(-1, 1))))`, then 'b' is in the
column space of 'A'.

What are some common applications of understanding the column space
in Python for data science?
Understanding the column space is crucial in data science for several reasons: 1. Dimensionality Reduction:
Identifying the essential dimensions (basis vectors) of your data's column space. 2. Least Squares Problems:
Finding the best approximate solution to overdetermined systems, which involves projecting onto the
column space. 3. Linear Regression: The column space of the design matrix determines the possible
outcomes of the regression coefficients. 4. Null Space Analysis: The column space is related to the null space
(kernel) of the matrix, providing insights into linear dependencies.

How does the concept of column space relate to solving linear systems Ax
= b in Python?
The system Ax = b has a solution if and only if the vector 'b' is in the column space of matrix 'A'. If 'b' is not
in Col(A), there's no exact solution. In Python, when dealing with such cases (e.g., overdetermined
systems), we often seek a least-squares solution, which finds the vector x that minimizes the distance ||Ax -
b||. This minimum distance occurs when Ax is the projection of 'b' onto the column space of 'A'.

Additional Resources
Here are 9 book titles related to "column space Python Python notebook," each with a short description:

1.

Linear Algebra with Python: A Computational Approach
This book delves into the fundamental concepts of linear algebra, specifically tailored for implementation in
Python. It covers topics like vectors, matrices, and vector spaces, with a strong emphasis on using Python
libraries such as NumPy and SciPy. Readers will learn how to represent and manipulate these
mathematical objects within a Python notebook environment, enabling practical application of theory.

2.

Data Science Essentials: Matrices and Transformations in Python
Focusing on the data science domain, this title bridges the gap between theoretical data manipulation and
practical Python coding. It explores how matrix operations, including those involving column spaces, are
crucial for data preprocessing, dimensionality reduction, and machine learning algorithms. The notebook-
centric approach allows for interactive learning and experimentation with real-world datasets.



3.

Eigenvalue Problems and Vector Spaces in Python Notebooks
This resource explores advanced linear algebra concepts like eigenvalues and eigenvectors, grounding
them in the context of vector spaces and their properties. It provides hands-on examples within Python
notebooks, demonstrating how to compute and analyze these critical components. The book is ideal for those
looking to understand the deeper mathematical underpinnings of many data analysis techniques.

4.

Numerical Methods for Solving Systems of Equations in Python
This book addresses the practical challenges of solving linear systems of equations, a core application of
column space concepts. It guides readers through various numerical techniques and their Python
implementations, often utilizing notebooks for clear, step-by-step demonstrations. Understanding the
existence and uniqueness of solutions within the framework of column spaces is a key takeaway.

5.

Applied Matrix Analysis for Engineers in Python
Geared towards engineering applications, this book showcases how linear algebra, particularly the analysis
of column spaces, is used to model and solve engineering problems. It emphasizes the use of Python
notebooks to simulate physical systems and analyze their behavior through matrix representations. Readers
will find practical examples related to structural analysis, control systems, and signal processing.

6.

Understanding Vector Spaces Through Python Code
This book offers an intuitive understanding of abstract vector space concepts by leveraging the power of
Python. It translates theoretical definitions into executable code, allowing for direct exploration of subspaces,
spanning sets, and bases, including the column space. The interactive nature of Python notebooks makes
abstract ideas more tangible and accessible.

7.

Singular Value Decomposition (SVD) and its Applications in Python
A comprehensive guide to Singular Value Decomposition (SVD), a powerful matrix factorization technique
deeply connected to column spaces. The book explains how SVD relates to concepts like rank, null space,
and column space, illustrating its broad applications in areas like recommender systems, image compression,
and natural language processing. Python notebooks are used to showcase the practical implementation of
SVD.



8.

The Geometry of Linear Algebra in Python
This title explores the geometric interpretations of linear algebra concepts, with a focus on how they are
visualized and manipulated using Python. It illustrates how column spaces define subspaces and affect the
transformation of vectors, providing a visual and computational approach to learning. The use of Python
notebooks facilitates the creation of interactive visualizations that deepen understanding.

9.

Foundation of Machine Learning: Linear Algebra in Action with Python
This book presents the foundational role of linear algebra in machine learning, highlighting how concepts
like column spaces are essential for understanding algorithms. It provides practical Python code snippets
within notebooks to demonstrate how matrices and their properties are used in algorithms like linear
regression and principal component analysis. The focus is on building a strong mathematical intuition for
machine learning practitioners.
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