college algebra inequality formulas

The journey through college algebra often involves mastering various
mathematical concepts, and understanding college algebra inequality formulas
is a cornerstone of this learning process. Inequalities, unlike equations,
describe a range of possible values rather than a single solution. This
article will delve deeply into the essential inequality formulas and
techniques you'll encounter in college algebra, equipping you with the
knowledge to confidently tackle problems involving comparisons of numbers and
expressions. We'll explore the fundamental properties of inequalities, how to
manipulate them algebraically, and the specific formulas used for linear,
quadratic, and absolute value inequalities. By the end, you'll have a solid
grasp of how to solve and interpret these crucial mathematical statements,
which are fundamental for advanced topics in calculus and beyond.
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Understanding the Basics of Inequality Symbols
and Properties

At its heart, algebra is about relationships between numbers and variables,
and inequalities define these relationships when they aren't strictly equal.
The most basic inequality symbols you'll work with are less than (<), greater
than (>), less than or equal to (=), and greater than or equal to (=). These
symbols tell us how one quantity compares to another. For instance, if we say
X <5, we mean that x can be any number smaller than 5, like 4, 3, 0, or even
negative numbers. If we have y = 10, then y can be 10 or any number larger
than 10.

Manipulating inequalities follows specific rules, and it's crucial to
understand these properties to solve them correctly. Think of an inequality
like a balanced scale; you can perform certain operations on both sides
without tipping it over. You can add or subtract the same number from both
sides, and the inequality remains true. Similarly, you can multiply or divide
both sides by a positive number, and the inequality sign doesn't change.
However, there's a critical distinction: when you multiply or divide both
sides of an inequality by a negative number, you must reverse the direction
of the inequality symbol. This is a common pitfall, so always remember this
rule!



Properties of Inequalities

These fundamental properties are your toolkit for rearranging and simplifying
inequalities:

e Addition Property: If a < b, then a + ¢ < b + ¢ for any real number c.
The same applies to >, =, and =.

e Subtraction Property: If a < b, then a - ¢ < b - ¢ for any real number
c. Again, this holds for all inequality types.

e Multiplication Property: If a < b and ¢ > 0, then ac < bc. If ¢ < 0,
then ac > bc (the inequality reverses).

e Division Property: If a < b and ¢ > 0, then a/c < b/c. If ¢ < 0, then
a/c > b/c (the inequality reverses).

e Transitive Property: If a < b and b < ¢, then a < c¢. This property helps
us chain inequalities together.

Linear Inequality Formulas and Solving
Techniques

Linear inequalities are the simplest form, involving variables raised only to
the first power. They often look very similar to linear equations, with the
key difference being the inequality symbol. The goal is to isolate the
variable on one side of the inequality, much like solving a linear equation,
while carefully applying the properties we just discussed.

Consider an example like 2x + 3 < 7. Our first step is to subtract 3 from
both sides, resulting in 2x < 4. Then, we divide both sides by 2 (a positive
number, so the inequality doesn't flip) to get x < 2. This tells us that any
value of x less than 2 will satisfy the original inequality. The solution set
is all real numbers less than 2.

Solving Multi-Step Linear Inequalities

Many linear inequalities require multiple steps to solve. You might have
variables on both sides of the inequality, constants to move, and
coefficients to divide. The strategy remains consistent: use the properties
of inequalities to gather all terms with the variable on one side and all
constant terms on the other. Always be mindful of reversing the inequality



sign when multiplying or dividing by a negative number.

For instance, let's tackle 5 - 3x = 11. First, subtract 5 from both sides:
-3x = 6. Now, we need to divide by -3. Since -3 is negative, we must reverse
the inequality sign. So, x = -2. This means x can be -2 or any number smaller
than -2.

Compound Linear Inequalities

Sometimes, you'll encounter compound linear inequalities, which involve two
or more inequalities joined by "and" or "or." When inequalities are joined by
"and," the solution must satisfy both conditions simultaneously. When joined
by "or," the solution must satisfy at least one of the conditions.

An example of an "and" compound inequality is -1 < x - 2 = 3. To solve this,
you can treat it as two separate inequalities or work on all three parts
simultaneously. If we add 2 to all parts, we get -1 + 2 < (x - 2) +2 =3 +
2, which simplifies to 1 < x = 5. This means x is greater than 1 and less
than or equal to 5.

An "or" compound inequality, like x + 1 < 0 or 2x - 4 > 0, would be solved by
finding the solution set for each inequality separately and then combining
them. The first inequality, x + 1 < 0, yields x < -1. The second inequality,
2x - 4 > 0, gives 2x > 4, which simplifies to x > 2. The combined solution is
all numbers less than -1 OR greater than 2.

Quadratic Inequality Formulas and Solution
Methods

Quadratic inequalities involve a variable squared, making them a bit more
complex than linear ones. The general form is ax? + bx + ¢ < 0, ax? + bx + ¢
> 0, or with = or =. Unlike linear inequalities, simply isolating the
variable isn't usually possible. The key to solving quadratic inequalities
lies in finding the roots of the associated quadratic equation (where ax? +
bx + ¢ = 0) and then testing intervals on a number line.

First, we find the roots of the quadratic equation ax? + bx + ¢ = 0. These
roots are the points where the quadratic function might change its sign (from
positive to negative, or vice versa). You can find these roots using
factoring, the quadratic formula (x = [-b = V(b2 - 4ac)] / 2a), or completing
the square.



Using a Number Line to Test Intervals

Once you have the roots, say ri and r2, they divide the number line into
distinct intervals. For example, if the roots are 2 and 5, the number line is
divided into three intervals: (-», 2), (2, 5), and (5, »). You then pick a
test value within each interval and substitute it into the original quadratic
inequality. If the inequality holds true for the test value, then the entire
interval is part of the solution set. If it's false, that interval is not
part of the solution.

Let's take the inequality x2 - 5x + 6 < 0. First, find the roots of x? - 5x +
6 = 0. Factoring gives (x - 2)(x - 3) = 0, so the roots are x = 2 and x = 3.
These roots divide the number line into intervals: (-«, 2), (2, 3), and (3,
o). Now, we test:

e Interval (-o, 2): Let's test x = 0. (0)2 - 5(0) + 6 = 6. Is 6 < 0? No.

e Interval (2, 3): Let's test x = 2.5. (2.5)2 - 5(2.5) + 6 = 6.25 - 12.5 +
6 = -0.25. Is -0.25 < 07? Yes.
e Interval (3, »): Let's test x = 4. (4)2 - 5(4) + 6 =16 - 20 + 6 = 2. Is

2 < 0?7 No.

Therefore, the solution to x2 - 5x + 6 < 0 is the interval (2, 3).

Absolute Value Inequality Formulas and
Strategies

Absolute value inequalities deal with the distance of a number from zero. The
absolute value of a number, denoted |x|, is its distance from zero on the
number line, and it's always non-negative. For example, |5| =5 and |-5| = 5.
The solution to absolute value inequalities often involves splitting them
into two separate linear inequalities.

There are two main types of absolute value inequalities: those with "less
than" or "less than or equal to," and those with "greater than" or "greater
than or equal to." The strategy for solving them differs.

Absolute Value Inequalities of the Form |x| < a or
Ix|] = a

If you have an inequality like |x| < a (where a is a positive number), it



means the distance of x from zero is less than a. This translates to x being
between -a and a. So, |x| < a is equivalent to the compound inequality -a < x
< a. Similarly, |x| = a is equivalent to -a = x = a.

Consider the inequality |[2x - 1| = 5. Applying the formula, we get -5 = 2x -
1 < 5. To solve this, we add 1 to all parts: -5+ 1 =2x - 1+1=<5+1,
which simplifies to -4 = 2x = 6. Finally, divide all parts by 2: -2 = x = 3.
The solution is all values of x between -2 and 3, inclusive.

Absolute Value Inequalities of the Form |x| > a or
|x|] = a

When you have an inequality like |x| > a (where a is a positive number), it
means the distance of x from zero is greater than a. This implies that x must
be either less than -a or greater than a. So, |x| > a is equivalent to the
compound inequality x < -a or x > a. For |x| = a, it's x = -a or x = a.

Let's solve |3x + 4| > 2. Using the formula, this breaks down into two
separate inequalities: 3x + 4 < -2 or 3x + 4 > 2. Solving the first part: 3x
< -6, which gives x < -2. Solving the second part: 3x > -2, which gives x >
-2/3. The solution is all values of x less than -2 OR greater than -2/3. In
interval notation, this is (-w, -2) U (-2/3, ©).

Graphing Inequalities on the Number Line

Graphing inequalities on a number line is a powerful visual tool that helps
understand the solution set. It's especially useful for linear inequalities
and compound inequalities. For quadratic and absolute value inequalities,
after finding the solution intervals algebraically, you can then represent
these intervals on a number line.

When graphing, you use open circles or parentheses to indicate that an
endpoint is not included in the solution (for < and > symbols), and closed
circles or square brackets to indicate that an endpoint is included (for =
and = symbols). Shading the number line between the relevant points shows the
range of values that satisfy the inequality.

Representing Linear Inequalities Graphically

For a simple linear inequality like x < 5, you would draw a number line,
place an open circle at 5 (because 5 is not included), and shade everything
to the left of 5, representing all numbers less than 5. For y = -3, you would



place a closed circle at -3 (because -3 is included) and shade everything to
the right of -3.

Compound inequalities have slightly more complex graphs. For 1 < x = 5, you'd
have an open circle at 1 and a closed circle at 5, with the line shaded
between them. For x < -1 or x > 2, you'd have an open circle at -1 and
shading to the left, and a separate open circle at 2 with shading to the
right. The union of these two shaded regions represents the solution.

Visualizing Quadratic and Absolute Value Solutions

While we don't typically graph quadratic inequalities by sketching the
parabola itself on a single number line (though that's a related concept in
2D graphing), the number line testing method naturally leads to graphing the
resulting intervals. For x2 - 5x + 6 < 0, where the solution is (2, 3), you
would draw a number line, mark 2 and 3 with open circles, and shade the
region between them.

Similarly, for an absolute value inequality like |2x - 1| = 5, which yields
-2 = x = 3, the graph on a number line would have closed circles at -2 and 3,
with the segment between them shaded. For |3x + 4| > 2, yielding x < -2 or x
> -2/3, the graph would show shading extending infinitely to the left from an
open circle at -2, and separate shading extending infinitely to the right
from an open circle at -2/3.

Q: What are the fundamental inequality symbols used
in college algebra?

A: The fundamental inequality symbols are less than (<), greater than (>),
less than or equal to (=), and greater than or equal to (=). These symbols
are used to compare two numbers or algebraic expressions.

Q: How does multiplying or dividing an inequality by
a negative number affect the inequality sign?

A: When you multiply or divide both sides of an inequality by a negative
number, you must reverse the direction of the inequality sign. For example,
if a < b, then multiplying by -1 results in -a > -b.

Q: What is the key difference in solving linear
inequalities compared to linear equations?

A: The primary difference lies in how multiplication and division by negative
numbers are handled. While operations are similar, multiplying or dividing by



a negative value in an inequality requires reversing the inequality sign, a
step not needed for equations.

Q: How do you find the solution set for a quadratic
inequality like x2 - 4 = 07

A: To solve x2 - 4 < 0, first find the roots of x2 - 4 = 0, which are x = -2
and x = 2. These roots divide the number line into intervals. Then, test a
value from each interval (-», -2), (-2, 2), and (2, «) in the original
inequality to determine which intervals satisfy the condition.

Q: What does the inequality |x| < 3 mean in terms of
possible values for x?

A: The inequality |x| < 3 means that the distance of x from zero is less than
3. This translates to the compound inequality -3 < x < 3, meaning x can be
any number strictly between -3 and 3.

Q: When solving an absolute value inequality of the
form |ax + b| > ¢, what are the two separate
inequalities that arise?

A: When solving |ax + b| > ¢, it breaks down into two separate inequalities:
ax + b < -corax + b > c. You then solve each of these linear inequalities
independently.

Q: What do open circles and closed circles represent
when graphing inequalities on a number line?

A: On a number line graph, an open circle indicates that the endpoint is not
included in the solution set (used for < and >), while a closed circle
indicates that the endpoint is included (used for = and =).
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