COLLEGE ALGEBRA FUNCTION ABSOLUTE VALUE

THEe Essence oF CoLLEGE ALGEBRA FUNCTION ABSOLUTE V ALUE

COLLEGE ALGEBRA FUNCTION ABSOLUTE VALUE IS A CORNERSTONE CONCEPT THAT UNLOCKS A DEEPER UNDERSTANDING OF
MATHEMATICAL RELATIONSHIPS AND THEIR REAL-WORLD APPLICATIONS. THIS FUNDAMENTAL BUILDING BLOCK ALLOWS US TO
QUANTIFY DISTANCES, MODEL PHENOMENA INVOLVING MAGNITUDES, AND SOLVE A WIDE ARRAY OF ALGEBRAIC PROBLEMS.
MASTERING THE ABSOLUTE VALUE FUNCTION IS CRUCIAL FOR SUCCESS IN HIGHER MATHEMATICS, EMPOWERING YOU TO ANALYZE
GRAPHS, INTERPRET EQUATIONS, AND DEVELOP SOPHISTICATED PROBLEM-SOLVING STRATEGIES. IN THIS COMPREHENSIVE GUIDE,
WE WILL DELVE INTO THE DEFINITION, PROPERTIES, GRAPHICAL REPRESENTATION, AND VARIOUS APPLICATIONS OF THE ABSOLUTE
VALUE FUNCTION IN COLLEGE ALGEBRA, EQUIPPING YOU WITH THE KNOWLEDGE TO CONFIDENTLY TACKLE ANY CHALLENGE
INVOLVING THIS POWERFUL MATHEMATICAL TOOL.
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UUNDERSTANDING THE DEFINITION OF ABSOLUTE V ALUE

AT ITS CORE, THE ABSOLUTE VALUE OF A NUMBER REPRESENTS ITS DISTANCE FROM ZERO ON THE NUMBER LINE. THIS DISTANCE IS
ALWAYS NON-NEGATIVE. FOR INSTANCE, THE ABSOLUTE VALUE OF 5, DENOTED AS |5|, IS 5 BECAUSE 5 IS 5 UNITS AWAY FROM
0. SIMILARLY, THE ABSOLUTE VALUE OF -5, DENOTED AS |-5], IS ALSO 5 BECAUSE -5 IS ALSO 5 UNITS AWAY FROM O. THIS
CONCEPT EXTENDS SEAMLESSLY TO ALGEBRAIC EXPRESSIONS. W/HEN WE TALK ABOUT THE ABSOLUTE VALUE FUNCTION, F(X) =
x|, WE ARE ESSENTIALLY DEFINING A FUNCTION THAT TAKES ANY REAL NUMBER AS INPUT AND OUTPUTS ITS NON-NEGATIVE
MAGNITUDE.

FORMALLY, THE ABSOLUTE VALUE FUNCTION IS DEFINED PIECEWISE. FOR ANY REAL NUMBER X, THE ABSOLUTE VALUE IS GIVEN BY:
o Ix|=x,Fx>0

o x|=-x,IFx<0
THIS DEFINITION IS CRUCIAL BECAUSE IT TELLS US THAT IF THE EXPRESSION INSIDE THE ABSOLUTE VALUE BARS IS ALREADY
POSITIVE OR ZERO, IT REMAINS UNCHANGED. HOWEVER, IF THE EXPRESSION IS NEGATIVE, WE MULTIPLY IT BY - 1 TO MAKE IT

POSITIVE, THEREBY ENSURING THE OUTPUT IS ALWAYS NON-NEGATIVE. THIS PIECEWISE NATURE IS KEY TO UNDERSTANDING HOW
ABSOLUTE VALUE FUNCTIONS BEHAVE AND HOW TO MANIPULATE THEM IN EQUATIONS AND INEQUALITIES.

Key PROPERTIES OF THE ABSOLUTE V ALUE FUNCTION

THE ABSOLUTE VALUE FUNCTION POSSESSES SEVERAL FUNDAMENTAL PROPERTIES THAT SIMPLIFY CALCULATIONS AND PROOFS.
UNDERSTANDING THESE PROPERTIES CAN DRAMATICALLY STREAMLINE YOUR APPROACH TO SOLVING PROBLEMS INVOLVING



ABSOLUTE VALUE. ONE OF THE MOST IMPORTANT IS THE NON-NEGATIVITY PROPERTY, WHICH WE'VE ALREADY TOUCHED UPON:
|X| > 0 FOR ALL REAL NUMBERS X. THIS PROPERTY IS THE BEDROCK OF MANY OTHER ABSOLUTE VALUE MANIPULATIONS.

ANOTHER SIGNIFICANT PROPERTY IS THE SYMMETRY PROPERTY: |X| = |‘X|. AS WE SAW WITH OUR EXAMPLE OF 5 AND ‘5, THE
DISTANCE FROM ZERO IS THE SAME REGARDLESS OF THE SIGN. THIS SYMMETRY IS VISUALLY APPARENT WHEN WE CONSIDER THE
GRAPH OF THE ABSOLUTE VALUE FUNCTION.

THE MULTIPLICATIVE PROPERTY IS ALSO VERY USEFUL: |AB| = |A| |B| FOR ANY REAL NUMBERS A AND B. THIS MEANS YOU CAN
TAKE THE ABSOLUTE VALUE OF A PRODUCT BY TAKING THE ABSOLUTE VALUE OF EACH FACTOR AND THEN MULTIPLYING THOSE
RESULTS. For exAMPLE, |(-2)(3) = [-6| = 6, anp [{-2}]|3] = 2 3 = 6. THIS PROPERTY CAN BE EXTENDED TO MULTIPLE
FACTORS AS WELL.

CONVERSELY, THE PROPERTY FOR DIVISION STATES THAT |a/8| = |a| / [6], PrOVIDED B # 0. THIS ALLOWS US TO HANDLE
DIVISION WITHIN ABSOLUTE VALUES BY SEPARATING THE NUMERATORS AND DENOMINATORS. FINALLY, THE TRIANGLE
INEQUALITY, |a + 8| < |A| + [B], IS A FUNDAMENTAL INEQUALITY IN MATHEMATICS, PARTICULARLY IMPORTANT IN MORE
ADVANCED TOPICS LIKE METRIC SPACES. WHILE IT MIGHT SEEM LIKE A SIMPLE OBSERVATION, IT HAS PROFOUND IMPLICATIONS IN
VARIOUS MATHEMATICAL FIELDS.

GRAPHING ABSOLUTE V ALUE FUNCTIONS

GRAPHING ABSOLUTE VALUE FUNCTIONS PROVIDES AN INTUITIVE UNDERSTANDING OF THEIR BEHAVIOR. THE MOST BASIC
ABSOLUTE VALUE FUNCTION, F(x) = [x|, FORMS A V/-SHAPED GRAPH WITH ITS VERTEX AT THE ORIGIN (O,0). THE GRAPH
CONSISTS OF TWO RAYS: ONE WITH A SLOPE OF 1 FOR X > 0 AND ANOTHER WITH A SLOPE OF - 1 FOR X < 0. THIS
CHARACTERISTIC \V/~SHAPE IS A HALLMARK OF ALL ABSOLUTE VALUE FUNCTIONS.

W/HEN WE INTRODUCE TRANSFORMATIONS TO THE BASIC ABSOLUTE VALUE FUNCTION, SUCH AS HORIZONTAL OR VERTICAL
SHIFTS, OR STRETCHES AND COMPRESSIONS, THE V-SHAPE REMAINS, BUT ITS POSITION AND ORIENTATION CHANGE. For
INSTANCE, THE GRAPH OF F(X) = |X - H| + KIS A V-SHAPED GRAPH THAT IS SHIFTED H UNITS HORIZONTALLY AND K UNITS
VERTICALLY. THE VERTEX OF THIS TRANSFORMED GRAPH IS LOCATED AT THE POINT (H, K).

UNDERSTANDING THESE TRANSFORMATIONS IS CRUCIAL FOR SKETCHING AND ANALYZING MORE COMPLEX ABSOLUTE VALUE
FUNCTIONS. A VERTICAL STRETCH OR COMPRESSION IS ACHIEVED BY MULTIPLYING THE ABSOLUTE VALUE EXPRESSION BY A
CONSTANT A’, RESULTING IN F(X) = Alx - H| + k. IF |a| > 1, THE GRAPH BECOMES NARROWER, AND IF O < |A| < T, THE GRAPH
BECOMES WIDER. IF ‘A" IS NEGATIVE, THE GRAPH IS REFLECTED ACROSS THE X-AXIS, RESULTING IN AN INVERTED V/-SHAPE.

SoLVING EQUATIONS AND INEQUALITIES INVOLVING ABSOLUTE V ALUE

SOLVING EQUATIONS AND INEQUALITIES THAT CONTAIN ABSOLUTE VALUE EXPRESSIONS REQUIRES A CAREFUL APPLICATION OF
THE DEFINITION AND PROPERTIES WE'VE DISCUSSED. FOR AN EQUATION OF THE FORM |X| = C, WHERE C IS A POSITIVE CONSTANT,
WE KNOW THAT X CAN BE EITHER C OR -C. FOR EXAMPLE, IF [X| = 7, THEN X = 7 or X = -7.

\W/HEN FACED WITH AN EQUATION LIKE |[AX + B| = C, WHERE C > O, WE BREAK IT DOWN INTO TWO SEPARATE LINEAR
EQUATIONS: AX + B = C AND AX + B = -C. SOLVING THESE TWO EQUATIONS WILL GIVE US THE POSSIBLE VALUES FOR X. IF C
=0, THeN [ax + 8] = O IMPLIES AX + B = O, YIELDING A SINGLE SOLUTION.

INEQUALITIES INVOLVING ABSOLUTE VALUE ARE ALSO COMMON. FOR [X| < ¢, WHERE € > O, THIS MEANS THAT X MUST BE
BETWEEN ~C AND C, I.E., -C < X < C. GRAPHICALLY, THIS REPRESENTS ALL POINTS WITHIN A DISTANCE OF C FROM THE ORIGIN.
FoR [x| > ¢, WHERE € > 0, THIS MEANS THAT X IS EITHER LESS THAN ~C OR GREATER THAN C, LE., X < -C OR X > C. THIS
REPRESENTS POINTS THAT ARE MORE THAN A DISTANCE OF C FROM THE ORIGIN.



SOLVING INEQUALITIES LIKE |aX + B| < C OR |AX + B| > C FOLLOWS SIMILAR LOGIC, INVOLVING BREAKING THEM DOWN INTO
COMPOUND INEQUALITIES AND SOLVING FOR X. FOR EXAMPLE, |AX + B| < C TRANSLATES TO -C < AX + B < C, WHICH IS A
COMPOUND INEQUALITY THAT CAN BE SOLVED FOR X. THESE TECHNIQUES ARE FUNDAMENTAL FOR ANALYZING THE RANGE OF
POSSIBLE VALUES IN VARIOUS MATHEMATICAL AND SCIENTIFIC MODELS.

ReAL-\W ORLD APPLICATIONS OF ABSOLUTE VALUE IN COLLEGE ALGEBRA

THE ABSTRACT CONCEPT OF THE ABSOLUTE VALUE FUNCTION FINDS SURPRISINGLY PRACTICAL APPLICATIONS IN THE REAL
\WORLD, MAKING IT MORE THAN JUST A THEORETICAL CONSTRUCT IN COLLEGE ALGEBRA. ONE OF THE MOST STRAIGHTFORWARD
APPLICATIONS IS IN MEASURING ERROR MARGINS OR TOLERANCES. FOR INSTANCE, IF A MANUFACTURING PROCESS AIMS FOR A
SPECIFIC DIMENSION, SAY 10 CM, BUT ALLOWS FOR A TOLERANCE OF +0.1 CM, THE ACCEPTABLE RANGE CAN BE EXPRESSED
USING ABSOLUTE VALUE AS |DIMENSION - ]O| < 0.1. THIS MEANS THE ACTUAL DIMENSION MUST BE WITHIN 0.1 CM OF THE
TARGET.

IN PHYSICS, ABSOLUTE VALUE IS USED TO DESCRIBE QUANTITIES LIKE SPEED, WHICH IS THE MAGNITUDE OF VELOCITY. VELOCITY
CAN BE POSITIVE OR NEGATIVE, INDICATING DIRECTION, BUT SPEED IS ALWAYS NON-NEGATIVE, REPRESENTING HOW FAST AN
OBJECT IS MOVING. SIMILARLY, IN ECONOMICS, ABSOLUTE VALUE CAN BE USED TO ANALYZE PRICE CHANGES. THE ABSOLUTE
DIFFERENCE IN PRICE BETWEEN TWO POINTS IN TIME TELLS US THE MAGNITUDE OF THE FLUCTUATION, IRRESPECTIVE OF WHETHER
THE PRICE INCREASED OR DECREASED.

FURTHERMORE, IN STATISTICS, ABSOLUTE VALUES ARE USED IN CALCULATING THE MEAN ABSOLUTE DEVIATION, A MEASURE OF
THE VARIABILITY OF A SET OF DATA. |T REPRESENTS THE AVERAGE OF THE ABSOLUTE DIFFERENCES BETWEEN EACH DATA POINT
AND THE MEAN OF THE DATA SET. THIS PROVIDES A CLEAR PICTURE OF HOW SPREAD OUT THE DATA IS WITHOUT REGARD TO
THE DIRECTION OF THE DEVIATIONS. THESE EXAMPLES HIGHLIGHT HOW THE CONCEPT OF DISTANCE FROM A CENTRAL POINT,
INHERENT IN THE ABSOLUTE VALUE FUNCTION, IS A POWERFUL TOOL FOR QUANTIFYING AND UNDERSTANDING REAL-\WORLD
PHENOMENA.

FREQUENTLY ASKED QUESTIONS

QI \WHAT IS THE PRIMARY DIFFERENCE BETWEEN THE ABSOLUTE VALUE OF A NUMBER
AND THE NUMBER ITSELF?

A: THE PRIMARY DIFFERENCE IS THAT THE ABSOLUTE VALUE OF A NUMBER IS ALWAYS NON-NEGATIVE, MEANING IT IS EITHER ZERO
OR POSITIVE. THE NUMBER ITSELF CAN BE POSITIVE, NEGATIVE, OR ZERO. THE ABSOLUTE VALUE REPRESENTS THE DISTANCE OF
THE NUMBER FROM ZERO ON THE NUMBER LINE.

Q: How DOES THE GRAPH OF Y = [X - 3| DIFFER FROM THE GRAPH OF Y = |X|?

A: THE GRAPH OF Y = |x| HAS ITS VERTEX AT THE ORIGIN (0,0) AND FORMS A V/-SHAPE. THE GRAPH OF Y = |x - 3| IS A
HORIZONTAL TRANSLATION OF THE GRAPH OF Y = |X| THREE UNITS TO THE RIGHT. ITS VERTEX IS LOCATED AT (3,0), AND IT
RETAINS THE SAME \V/-SHAPE.

QZ CAN THE ABSOLUTE VALUE OF AN EXPRESSION BE NEGATIVE?

A: NO, BY DEFINITION, THE ABSOLUTE VALUE OF ANY REAL NUMBER OR EXPRESSION IS ALWAYS NON-NEGATIVE. THIS MEANS IT
WILL EITHER BE ZERO OR A POSITIVE VALUE.



Q: WHAT ARE THE STEPS TO SOLVE AN EQUATION LIKE [2X + 1| = 57

A: To SOLVE [2x + 1| = 5, YOU SET UP TWO SEPARATE EQUATIONS: 2X + 1 =5 AND 2x + 1 = -5. SOLVING THE FIRST
EQUATION GIVES 2X = 4,50 X = 2. SOLVING THE SECOND EQUATION GIVES 2X = -6, SO X = -3. THUS, THE SOLUTIONS ARE
X =2 AND X = -3.

Q: How Do YOU SOLVE AN INEQUALITY LIKE [x + 2| < 4?

A: THE INEQUALITY |X + 2| < 4 MEANS THAT THE EXPRESSION X + 2 MUST BE BETWEEN -4 AND 4. SO, YOU SOLVE THE
COMPOUND INEQUALITY -4 < X + 2 < 4. SUBTRACTING 2 FROM ALL PARTS GIVES -6 < x < 2.

Q: Is THE ABSOLUTE VALUE FUNCTION ONE-TO-ONE?

A: No, THE ABSOLUTE VALUE FUNCTION F(X) = |X| IS NOT A ONE-TO-ONE FUNCTION. THIS IS BECAUSE DIFFERENT INPUTS CAN
PRODUCE THE SAME OUTPUT. FOR EXAMPLE, F(2) = |2| = 2 anD F(-2) = |-2| = 2. A FUNCTION MUST HAVE A UNIQUE OUTPUT
FOR EACH INPUT TO BE CONSIDERED ONE-TO-ONE.

Q: WHAT IS THE SIGNIFICANCE OF THE VERTEX IN GRAPHING ABSOLUTE VALUE
FUNCTIONS?

A: THE VERTEX OF AN ABSOLUTE VALUE FUNCTION REPRESENTS THE MINIMUM OR MAXIMUM POINT OF THE GRAPH AND IS CRUCIAL
FOR UNDERSTANDING ITS POSITION AND TRANSFORMATIONS. FOR A STANDARD V-SHAPED GRAPH OPENING UPWARDS, THE
VERTEX IS THE LOWEST POINT. FOR AN INVERTED \/‘SHAPE, IT'S THE HIGHEST POINT. T ALSO SERVES AS THE REFERENCE POINT
FOR HORIZONTAL AND VERTICAL SHIFTS.
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