COLLEGE ALGEBRA FOUNDATIONAL ALGEBRA TOPICS

THe IMPORTANCE OF COLLEGE ALGEBRA FOUNDATIONAL ALGEBRA TOPICS

COLLEGE ALGEBRA FOUNDATIONAL ALGEBRA TOPICS FORM THE BEDROCK UPON WHICH MORE ADVANCED MATHEMATICAL
CONCEPTS ARE BUILT. MASTERING THESE FUNDAMENTAL BUILDING BLOCKS IS NOT JUST ABOUT PASSING A COURSE; IT's ABOUT
DEVELOPING CRITICAL THINKING SKILLS, PROBLEM-SOLVING ABILITIES, AND A STRONG MATHEMATICAL INTUITION THAT WILL
SERVE YOU WELL IN VARIOUS ACADEMIC DISCIPLINES AND REAL-WORLD APPLICATIONS. THIS COMPREHENSIVE GUIDE WILL DELVE
INTO THE ESSENTIAL AREAS OF FOUNDATIONAL ALGEBRA, EXPLORING HOW EACH CONCEPT CONTRIBUTES TO A ROBUST
UNDERSTANDING OF MATHEMATICS. WE WILL NAVIGATE THROUGH VARIABLES, EXPRESSIONS, EQUATIONS, INEQUALITIES,
FUNCTIONS, AND GRAPHING, HIGHLIGHTING THEIR INTERCONNECTEDNESS AND PRACTICAL SIGNIFICANCE. PREPARE TO DEMYSTIFY
THESE CRUCIAL TOPICS AND EMPOWER YOURSELF WITH THE KNOWLEDGE NEEDED FOR SUCCESS IN COLLEGE-LEVEL MATHEMATICS
AND BEYOND.
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UNDERSTANDING V ARIABLES AND EXPRESSIONS

AT THE HEART OF ALGEBRA LIES THE CONCEPT OF VARIABLES AND ALGEBRAIC EXPRESSIONS. THINK OF A VARIABLE AS A
PLACEHOLDER, A SYMBOL — OFTEN A LETTER LIKE ‘X', "Y', OR ‘2’ = THAT REPRESENTS AN UNKNOWN OR CHANGING QUANTITY.
THIS IS A STARK DEPARTURE FROM ARITHMETIC, WHERE WE PRIMARILY DEAL WITH SPECIFIC NUMBERS. ALGEBRA, ON THE OTHER
HAND, ALLOWS US TO GENERALIZE RELATIONSHIPS AND EXPLORE A WIDER RANGE OF POSSIBILITIES. V ARIABLES GIVE US THE
POWER TO EXPRESS MATHEMATICAL IDEAS IN A FLEXIBLE AND CONCISE WAY. FOR INSTANCE, INSTEAD OF SAYING A NUMBER
PLUS FIVE,” WE CAN SIMPLY WRITE “X + 5,” WHERE "X’ STANDS FOR ANY NUMBER WE CHOOSE.

AN ALGEBRAIC EXPRESSION IS A COMBINATION OF NUMBERS, VARIABLES, AND MATHEMATICAL OPERATIONS (LIKE ADDITION,
SUBTRACTION, MULTIPLICATION, AND DIVISION). EXAMPLES INCLUDE 3X + 7, 5Y = 27, OR EVEN A SINGLE VARIABLE LIKE ‘A",
\WHEN WE “SIMPLIFY” AN ALGEBRAIC EXPRESSION, WE ARE ESSENTIALLY PERFORMING THE INDICATED OPERATIONS TO COMBINE
LIKE TERMS AND PRESENT THE EXPRESSION IN ITS MOST CONCISE FORM. FOR EXAMPLE, IN THE EXPRESSION 2X + 5 + 3X, THE
TERMS '2x" AND ‘3%’ ARE LIKE TERMS BECAUSE THEY BOTH CONTAIN THE VARIABLE ‘X’ RAISED TO THE SAME POWER. COMBINING
THEM GIVES US 5X, SO THE SIMPLIFIED EXPRESSION IS 5X + 5. THIS PROCESS OF SIMPLIFICATION IS FUNDAMENTAL TO
MANIPULATING AND SOLVING ALGEBRAIC PROBLEMS EFFICIENTLY.

\WHAT ARE V ARIABLES?

V ARIABLES ARE THE CORNERSTONES OF ALGEBRAIC LANGUAGE. THEY ARE SYMBOLS, USUALLY LETTERS, THAT STAND FOR
NUMBERS WE DON'T KNOW OR NUMBERS THAT CAN CHANGE. IMAGINE YOU'RE BAKING COOKIES, AND THE RECIPE CALLS FOR "SOME
SUGAR.” IN ALGEBRA, THAT “SOME SUGAR” COULD BE REPRESENTED BY A VARIABLE, SAY 'S’. IF YOU DECIDE TO USE 2 CUPS OF
SUGAR, THEN S = 2. IF YOU DECIDE TO USE 3 CUPS, THEN S = 3. VARIABLES ALLOW US TO WRITE GENERAL RULES OR
FORMULAS THAT CAN BE APPLIED TO MANY DIFFERENT SITUATIONS. W/ITHOUT VARIABLES, ALGEBRA WOULD BE FAR MORE
CUMBERSOME, IF NOT IMPOSSIBLE.



EVALUATING ALGEBRAIC EXPRESSIONS

EVALUATING AN ALGEBRAIC EXPRESSION MEANS SUBSTITUTING A SPECIFIC NUMERICAL VALUE FOR EACH VARIABLE AND THEN
PERFORMING THE ARITHMETIC OPERATIONS TO FIND THE NUMERICAL RESULT. LET'S SAY WE HAVE THE EXPRESSION 4A - B. IF WE
ARE TOLD THAT A = 3 AND B = 5, WE WOULD SUBSTITUTE THESE VALUES INTO THE EXPRESSION: 4(3) - 5. FOLLOWING THE
ORDER OF OPERATIONS (MULTIPLICATION BEFORE SUBTRACTION), WE GET 12 - 5, WHICH EQUALS 7. SO, WHEN A = 3 AND B =
5, THE VALUE OF THE EXPRESSION 4A - B IS 7. THIS SKILL IS CRUCIAL FOR CHECKING THE VALIDITY OF EQUATIONS AND FOR
UNDERSTANDING HOW CHANGES IN VARIABLES AFFECT THE OUTCOME OF AN EXPRESSION.

CoMBINING LIke TErRMS

COMBINING LIKE TERMS IS A FUNDAMENTAL SIMPLIFICATION TECHNIQUE IN ALGEBRA. LIKE TERMS ARE TERMS THAT HAVE THE SAME
VARIABLE(S) RAISED TO THE SAME POWER(S). FOR INSTANCE, IN THE EXPRESSION 7X + 3Y - 2X + 5v, THE TERMS '7x’ AND
'~2x’ ARE LIKE TERMS BECAUSE THEY BOTH INVOLVE ‘X’ TO THE FIRST POWER. SIMILARLY, ‘3Y’ AND '5Y’ ARE LIKE TERMS AS
THEY BOTH INVOLVE 'Y’ TO THE FIRST POWER. TO COMBINE THEM, WE SIMPLY ADD OR SUBTRACT THEIR COEFFICIENTS (THE
NUMBERS IN FRONT OF THE VARIABLES). SO, 7X - 2X BECOMES 5X, AND 3Y + 5Y BECOMES 8Y. THE SIMPLIFIED EXPRESSION IS
THEREFORE OX + 8Y. THIS PROCESS IS AKIN TO GROUPING SIMILAR ITEMS TOGETHER TO MAKE COUNTING OR MANAGING THEM
EASIER.

SoLVING LINEAR EQUATIONS AND INEQUALITIES

LINEAR EQUATIONS AND INEQUALITIES ARE PERHAPS THE MOST FREQUENTLY ENCOUNTERED ALGEBRAIC STRUCTURES. A LINEAR
EQUATION IS AN EQUATION WHERE THE HIGHEST POWER OF THE VARIABLE IS ONE, AND IT REPRESENTS A STRAIGHT LINE WHEN
GRAPHED. THE GOAL WHEN SOLVING A LINEAR EQUATION IS TO ISOLATE THE VARIABLE ON ONE SIDE OF THE EQUALS SIGN. THIS
IS ACHIEVED BY APPLYING INVERSE OPERATIONS TO BOTH SIDES OF THE EQUATION TO MAINTAIN BALANCE. FOR EXAMPLE, IF YOU
HAVE 2X = 10, YOU WOULD DIVIDE BOTH SIDES BY 2 TO FIND THAT X = 5.

LINEAR INEQUALITIES, ON THE OTHER HAND, INVOLVE COMPARISON SYMBOLS SUCH AS “LESS THAN" (<), “GREATER THAN" (>),
“LESS THAN OR EQUAL TO” (<), AND “GREATER THAN OR EQUAL TO” (>). SOLVING INEQUALITIES IS VERY SIMILAR TO SOLVING
EQUATIONS, WITH ONE CRUCIAL DIFFERENCE: IF YOU MULTIPLY OR DIVIDE BOTH SIDES OF AN INEQUALITY BY A NEGATIVE NUMBER,
YOU MUST REVERSE THE DIRECTION OF THE INEQUALITY SYMBOL. THIS IS A CRITICAL RULE TO REMEMBER TO ENSURE YOUR
SOLUTION ACCURATELY REFLECTS THE SET OF NUMBERS THAT SATISFY THE INEQUALITY. INEQUALITIES OFTEN HAVE AN INFINITE
NUMBER OF SOLUTIONS, WHICH CAN BE REPRESENTED ON A NUMBER LINE.

SoLVING LINEAR EQUATIONS

THE PROCESS OF SOLVING LINEAR EQUATIONS INVOLVES A SERIES OF STRATEGIC STEPS TO ISOLATE THE VARIABLE. W/E USE
THE PROPERTIES OF EQUALITY — ADDITION, SUBTRACTION, MULTIPLICATION, AND DIVISION = TO MOVE TERMS AND SIMPLIFY THE
EQUATION. FOR INSTANCE, TO SOLVE THE EQUATION 3x+5= ]4/ WE WOULD FIRST SUBTRACT 5 FROM BOTH SIDES TO GET
3x=9. THEN, WE WOULD DIVIDE BOTH SIDES BY 3 TO FIND X = 3. EACH OPERATION PERFORMED ON ONE SIDE OF THE
EQUATION MUST BE MIRRORED ON THE OTHER SIDE TO MAINTAIN THE EQUALITY. IT’S LIKE A BALANCED SCALE, WHATEVER YOU
DO TO ONE SIDE, YOU MUST DO TO THE OTHER TO KEEP IT LEVEL.

UNDERSTANDING LINEAR INEQUALITIES

LINEAR INEQUALITIES DESCRIBE A RANGE OF VALUES RATHER THAN A SINGLE VALUE. FOR EXAMPLE, THE INEQUALITY X > 7/
MEANS THAT ‘X’ CAN BE ANY NUMBER GREATER THAN 7, SUCH AS 7.1, 10, or 1000. \W/HEN SOLVING INEQUALITIES, WE
FOLLOW SIMILAR RULES TO SOLVING EQUATIONS, BUT WITH A SPECIAL CONSIDERATION FOR MULTIPLICATION AND DIVISION BY
NEGATIVE NUMBERS. IF WE HAVE -2X < 10, WE DIVIDE BOTH SIDES BY -2. BECAUSE WE ARE DIVIDING BY A NEGATIVE NUMBER,
WE MUST REVERSE THE INEQUALITY SIGN, CHANGING IT FROM ‘<’ TO ">, THEREFORE, X > -5. THIS INDICATES THAT ANY NUMBER
GREATER THAN -5 WILL SATISFY THE ORIGINAL INEQUALITY.



APPLICATIONS OF LINEAR EQUATIONS AND INEQUALITIES

LINEAR EQUATIONS AND INEQUALITIES ARE NOT JUST ABSTRACT MATHEMATICAL EXERCISES; THEY ARE INCREDIBLY USEFUL
TOOLS FOR MODELING REAL-WORLD SITUATIONS. FOR EXAMPLE, IF A COMPANY SELLS T-SHIRTS FOR $ 15 EACH AND HAS A
FIXED COST oF $200 FOR PRINTING, THE TOTAL COST 'C’ FOR PRODUCING ‘N’ T-SHIRTS CAN BE REPRESENTED BY THE LINEAR
EQUATION C = 156N + 200. IF YOU WANTED TO KNOW HOW MANY T-SHIRTS YOU NEED TO SELL TO MAKE A PROFIT ofF $500,
YOU WOULD SET UP AN INEQUALITY AND SOLVE IT. THESE TOOLS HELP US MAKE PREDICTIONS, ANALYZE SCENARIOS, AND
SOLVE PRACTICAL PROBLEMS IN FIELDS RANGING FROM FINANCE AND ENGINEERING TO EVERYDAY DECISION-MAKING.

\¥/ ORKING WITH EXPONENTS AND POLYNOMIALS

EXPONENTS PROVIDE A SHORTHAND FOR REPEATED MULTIPLICATION. AN EXPRESSION LIKE 2% MEANS 2 MULTIPLIED BY ITSELF
THREE TIMES (2 X 2 X 2 = 8). UNDERSTANDING EXPONENT RULES IS CRUCIAL FOR SIMPLIFYING EXPRESSIONS AND WORKING WITH
POLYNOMIALS. THESE RULES GOVERN HOW EXPONENTS BEHAVE WHEN YOU MULTIPLY, DIVIDE, RAISE TO A POWER, OR HAVE A
NEGATIVE OR ZERO EXPONENT. FOR INSTANCE, WHEN MULTIPLYING TERMS WITH THE SAME BASE, YOU ADD THE EXPONENTS (X2
x® = x®). W/HEN DIVIDING, YOU SUBTRACT THE EXPONENTS (Y® / ¥2 = v*).

POLYNOMIALS ARE EXPRESSIONS MADE UP OF TERMS, WHERE EACH TERM IS A CONSTANT OR A VARIABLE MULTIPLIED BY ITSELF A
WHOLE NUMBER OF TIMES. EXAMPLES INCLUDE 3X + 2, 5x2 - 4x + 1, 0R 7v®. POLYNOMIALS CAN BE CLASSIFIED BY THE
NUMBER OF TERMS THEY HAVE (MONOMIALS HAVE ONE TERM, BINOMIALS HAVE TWO, TRINOMIALS HAVE THREE) AND BY THEIR
DEGREE (THE HIGHEST EXPONENT OF THE VARIABLE). OPERATIONS LIKE ADDITION, SUBTRACTION, AND MULTIPLICATION OF
POLYNOMIALS FOLLOW SPECIFIC RULES THAT BUILD UPON THE UNDERSTANDING OF EXPONENTS AND COMBINING LIKE TERMS.

UNDERSTANDING EXPONENT RULES

THE RULES OF EXPONENTS ARE LIKE A SECRET CODE THAT HELPS US MANIPULATE POWERS EFFICIENTLY. THE PRODUCT RULE
STATES THAT WHEN MULTIPLYING POWERS WITH THE SAME BASE, YOU ADD THE EXPONENTS: ARl A" = AP *™ THE QUOTIENT
RULE STATES THAT WHEN DIVIDING POWERS WITH THE SAME BASE, YOU SUBTRACT THE EXPONENTS: ARl [/ A™ = AF] ™™ (WHERE N
# 0). THE POWER OF A POWER RULE SAYS THAT WHEN YOU RAISE A POWER TO ANOTHER POWER, YOU MULTIPLY THE
ExPONENTS: (AF] )V = AP ™. DON'T FORGET THE RULES FOR ZERO AND NEGATIVE EXPONENTS: AC = 1 (For A # 0) AND A™" =
1/A" (For A # 0). MASTERING THESE RULES IS ESSENTIAL FOR SIMPLIFYING COMPLEX EXPRESSIONS AND SOLVING ADVANCED
ALGEBRAIC PROBLEMS.

ADDING AND SUBTRACTING POLYNOMIALS

ADDING AND SUBTRACTING POLYNOMIALS IS ESSENTIALLY A MORE INVOLVED VERSION OF COMBINING LIKE TERMS. TO ADD
POLYNOMIALS, YOU SIMPLY REMOVE THE PARENTHESES AND COMBINE ANY LIKE TERMS. FOR EXAMPLE, TO ADD (32 + 2x - 1)
AND (x2 - 5x + 4), You WouLD COMBINE THE X2 TERMS (3x2 + x2 = 4x?), THE X TERMS (2% - 5X = -3X), AND THE
CONSTANT TERMS (-1 + 4 = 3), RESULTING IN 4x? - 3x + 3. SUBTRACTING POLYNOMIALS REQUIRES AN EXTRA STEP: YOU
DISTRIBUTE THE NEGATIVE SIGN TO EACH TERM IN THE SECOND POLYNOMIAL BEFORE COMBINING LIKE TERMS. SO, IF YOU WERE
SUBTRACTING (x2 - 5x + 4) FrrRoM (3x2 + 2x - 1), YOU WOULD FIRST REWRITE IT AS (3x2 + 2x - 1) - (x2-5x + 4) =
3x2+ 2x - 1 -x2+ 5x - 4. THEN, COMBINE LIKE TERMS TO GET 2x% + 7x - 5.

MULTIPLYING POLYNOMIALS

MULTIPLYING POLYNOMIALS INVOLVES DISTRIBUTING EACH TERM OF THE FIRST POLYNOMIAL TO EVERY TERM IN THE SECOND
POLYNOMIAL. FOR BINOMIALS (TWO-TERM POLYNOMIALS), THIS IS OFTEN REMEMBERED BY THE ACRONYM FOIL (F|RST, OUTER,
INNER, LAST). FOR EXAMPLE, TO MULTIPLY (x + 2)(x + 3):

FIRST: X X = X2

OuTER: X 3 = 3%

INNER: 2 X = 2X



LasT: 23 =6

THEN, YOU COMBINE THE LIKE TERMS: X2 + 3x + 2x + 6 = x2 + 5x + 6.

THIS PRINCIPLE EXTENDS TO MULTIPLYING POLYNOMIALS WITH MORE TERMS, ENSURING THAT EVERY TERM FROM ONE POLYNOMIAL
IS MULTIPLIED BY EVERY TERM FROM THE OTHER.

FACTORING POLYNOMIALS

FACTORING IS THE REVERSE OF MULTIPLICATION, IT'S THE PROCESS OF BREAKING DOWN A POLYNOMIAL INTO SIMPLER
EXPRESSIONS THAT, WHEN MULTIPLIED TOGETHER, RESULT IN THE ORIGINAL POLYNOMIAL. THIS SKILL IS INCREDIBLY POWERFUL
FOR SOLVING POLYNOMIAL EQUATIONS, SIMPLIFYING RATIONAL EXPRESSIONS, AND UNDERSTANDING THE ROOTS (OR X-
INTERCEPTS) OF POLYNOMIAL FUNCTIONS. COMMON FACTORING TECHNIQUES INCLUDE FINDING THE GREATEST COMMON FACTOR
(GCF), FACTORING BY GROUPING, AND USING SPECIAL FACTORING FORMULAS LIKE THE DIFFERENCE OF SQUARES AND PERFECT
SQUARE TRINOMIALS.

THINK OF FACTORING LIKE TAKING APART A COMPLEX LEGO STRUCTURE INTO ITS INDIVIDUAL BRICKS. EACH BRICK (FACTOR) IS
SIMPLER, AND BY KNOWING THE INDIVIDUAL BRICKS, YOU CAN UNDERSTAND THE WHOLE STRUCTURE BETTER. For EXAMPLE, THE
POLYNOMIAL X2 - 4 CAN BE FACTORED INTO (X - 2)()( + 2) THIS IS A CLASSIC EXAMPLE OF THE DIFFERENCE OF SQUARES
PATTERN, WHERE AZ-g2= (A - B)(A + B). MASTERING THESE TECHNIQUES ALLOWS YOU TO SIMPLIFY AND MANIPULATE
ALGEBRAIC EXPRESSIONS WITH MUCH GREATER EASE AND INSIGHT.

GreaTesT Common FacTor (GCF)

THE FIRST STEP IN FACTORING MANY POLYNOMIALS IS TO IDENTIFY AND FACTOR OUT THE GREATEST COMMON FACTOR (GCF)
OF ALL THE TERMS. THE GCF IS THE LARGEST MONOMIAL THAT DIVIDES EVENLY INTO EACH TERM OF THE POLYNOMIAL. FOR
EXAMPLE, IN THE POLYNOMIAL 6x2 + 9x2, THE GCF oF THE COEFFICIENTS 6 AND 9 IS 3. THE GCF OF THE VARIABLE PARTS X°
AND X2 1S x2 (THE LOWEST POWER OF X PRESENT IN BOTH TERMS). THEREFORE, THE GCF OF THE ENTIRE POLYNOMIAL IS 3%,
FACTORING oUT THE GCF, WE GET 3x2(2x + 3). THIS LEAVES US WITH A SIMPLER EXPRESSION THAT IS OFTEN EASIER TO
WORK WITH OR FACTOR FURTHER.

FACTORING BY GROUPING

FACTORING BY GROUPING IS A TECHNIQUE USED FOR POLYNOMIALS WITH FOUR OR MORE TERMS, TYPICALLY BINOMIALS OR
TRINOMIALS. THE PROCESS INVOLVES GROUPING THE TERMS INTO PAIRS, FACTORING OUT THE GCF FROM EACH PAIR, AND THEN
FACTORING OUT THE COMMON BINOMIAL FACTOR THAT EMERGES. FOR INSTANCE, CONSIDER THE POLYNOMIAL AX + AY + BX +
BY. WE CAN GROUP THE FIRST TWO TERMS AND THE LAST Two TerMS: (AX + AY) + (BX + BY). FACTORING oUT THE GCF
FROM EACH GROUP GIVES US A(X + ¥) + B(x + v). NOTICE THAT (X + Y) IS NOW A COMMON BINOMIAL FACTOR, WHICH WE
CAN FACTOR oUT: (x + Y)(A + B). THIS METHOD IS A VALUABLE TOOL FOR SIMPLIFYING MORE COMPLEX EXPRESSIONS.

SPECIAL FACTORING FORMULAS

ALGEBRA OFFERS SEVERAL “SHORTCUTS” FOR FACTORING SPECIFIC TYPES OF BINOMIALS AND TRINOMIALS, KNOWN AS SPECIAL
FACTORING FORMULAS. THESE ARE PATTERNS YOU'LL WANT TO RECOGNIZE AND MEMORIZE.

o DIFFERENCE OF SQUARES: A2 - 82 = (A - B)(A + B)

PERFECT SQUARE TRINOMIALS: A2 + 248 + B2 = (A + B)? AND A% - 2B + BZ = (A - B)?

Sum oF Cuses: A + 8% = (a +8)(A% - AB +82)

DiFFerence oF Cuses: A% - 8% = (a - B)(a%? + A + B?)



RECOGNIZING THESE PATTERNS CAN SIGNIFICANTLY SPEED UP THE FACTORING PROCESS AND PREVENT ERRORS.

UNDERSTANDING RATIONAL EXPRESSIONS

RATIONAL EXPRESSIONS ARE THE ALGEBRAIC EQUIVALENT OF FRACTIONS. THEY ARE FRACTIONS WHERE THE NUMERATOR AND/OR
THE DENOMINATOR ARE ALGEBRAIC EXPRESSIONS (USUALLY POLYNOMIALS). FOR EXAMPLE, (X + 2) / (x - 3) IS A RATIONAL
EXPRESSION. JUST LIKE WITH NUMERICAL FRACTIONS, RATIONAL EXPRESSIONS CAN BE SIMPLIFIED, MULTIPLIED, DIVIDED, ADDED,
AND SUBTRACTED. THE KEY TO WORKING WITH RATIONAL EXPRESSIONS IS UNDERSTANDING THE CONCEPT OF RESTRICTIONS —
VALUES OF THE VARIABLE THAT WOULD MAKE THE DENOMINATOR ZERO, RENDERING THE EXPRESSION UNDEFINED.

SIMPLIFYING RATIONAL EXPRESSIONS INVOLVES FACTORING BOTH THE NUMERATOR AND THE DENOMINATOR AND THEN CANCELING
OUT ANY COMMON FACTORS. THIS IS ANALOGOUS TO SIMPLIFYING A NUMERICAL FRACTION LIKE 10/ 15 BY DIVIDING BOTH THE
NUMERATOR AND DENOMINATOR BY THERR GCF, 5, To GET 2/3. OPERATIONS WITH RATIONAL EXPRESSIONS REQUIRE CAREFUL
ATTENTION TO COMMON DENOMINATORS WHEN ADDING OR SUBTRACTING, AND OFTEN INVOLVE FACTORING TO SIMPLIFY THE
RESULTING EXPRESSION. THEY ARE FUNDAMENTAL IN UNDERSTANDING MORE ADVANCED TOPICS LIKE PARTIAL FRACTION
DECOMPOSITION.

SIMPLIFYING RATIONAL EXPRESSIONS

TO SIMPLIFY A RATIONAL EXPRESSION, THE FIRST AND MOST CRUCIAL STEP IS TO FACTOR BOTH THE NUMERATOR AND THE
DENOMINATOR COMPLETELY. ONCE FACTORED, YOU LOOK FOR ANY COMMON FACTORS THAT APPEAR IN BOTH THE NUMERATOR
AND THE DENOMINATOR. THESE COMMON FACTORS CAN THEN BE CANCELED OUT. FOR INSTANCE, TO SIMPLIFY (x2 - 4) [ (x% +
4x + 4), WE FIRST FACTOR THE NUMERATOR AS A DIFFERENCE OF SQUARES: (X = 2)(x + 2). WE THEN FACTOR THE
DENOMINATOR AS A PERFECT SQUARE TRINOMIAL: (X + 2)(x + 2). THe EXPRESSION BECOMES [(x - 2)(x + 2)] / [(x + 2)(x +
2)]. WE CAN CANCEL oUT ONE (X + 2) FACTOR FROM THE NUMERATOR AND DENOMINATOR, LEAVING (X - 2) / (x + 2) AS THE
SIMPLIFIED FORM. REMEMBER TO NOTE ANY RESTRICTIONS ON THE VARIABLE THAT WOULD MAKE THE ORIGINAL DENOMINATOR
ZERO.

MULTIPLYING AND DIVIDING RATIONAL EXPRESSIONS

MULTIPLYING RATIONAL EXPRESSIONS IS QUITE STRAIGHTFORWARD. YOU MULTIPLY THE NUMERATORS TOGETHER AND MULTIPLY
THE DENOMINATORS TOGETHER. |T'S OFTEN HELPFUL TO FACTOR ALL POLYNOMIALS BEFORE MULTIPLYING, AS THIS CAN REVEAL
COMMON FACTORS THAT CAN BE CANCELED ACROSS NUMERATORS AND DENOMINATORS BEFORE THE MULTIPLICATION IS
PERFORMED, SIMPLIFYING THE FINAL RESULT. FOR EXAMPLE, (A/8) (c/D) = AC/BD. DIVISION OF RATIONAL EXPRESSIONS IS DONE
BY MULTIPLYING THE FIRST EXPRESSION BY THE RECIPROCAL OF THE SECOND EXPRESSION. S0, (A/B) + (¢/p) = (a/B) (D/C) =
AD/BC. AGAIN, FACTORING BEFORE MULTIPLYING IS HIGHLY RECOMMENDED TO SIMPLIFY THE OUTCOME.

ADDING AND SUBTRACTING RATIONAL EXPRESSIONS

ADDING AND SUBTRACTING RATIONAL EXPRESSIONS IS SIMILAR TO ADDING AND SUBTRACTING NUMERICAL FRACTIONS, MEANING
YOU NEED A COMMON DENOMINATOR. |F THE RATIONAL EXPRESSIONS ALREADY HAVE THE SAME DENOMINATOR, YOU SIMPLY ADD
OR SUBTRACT THE NUMERATORS AND KEEP THE COMMON DENOMINATOR. FOR EXAMPLE, (x + 1) [/ (x - 3) + (2x - 5) [ (x - 3)
=(x+1+2x-5)/(x-3)=(3x-4)/(x-3).|F THE DENOMINATORS ARE DIFFERENT, YOU MUST FIRST FIND THE LEAST
COMMON DENOMINATOR (LCD) BY FACTORING EACH DENOMINATOR AND THEN MULTIPLYING THE NECESSARY FACTORS TO CREATE
A COMMON DENOMINATOR FOR ALL EXPRESSIONS. THIS OFTEN INVOLVES MULTIPLYING ONE OR BOTH EXPRESSIONS BY A
CAREFULLY CHOSEN FORM OF 1.



INTRODUCTION TO FUNCTIONS AND | HEIR PROPERTIES

FUNCTIONS ARE A CENTRAL CONCEPT IN MATHEMATICS, PROVIDING A WAY TO DESCRIBE RELATIONSHIPS BETWEEN VARIABLES. A
FUNCTION CAN BE THOUGHT OF AS A RULE THAT ASSIGNS EXACTLY ONE OUTPUT VALUE FOR EACH INPUT VALUE. WE OFTEN
USE NOTATION LIKE F(X) TO REPRESENT A FUNCTION, WHERE ‘X’ IS THE INPUT (INDEPENDENT VARIABLE) AND F(X) IS THE OUTPUT
(DEPENDENT VARIABLE). FOR INSTANCE, THE FUNCTION F(X) = 2X + 1 TAKES AN INPUT, MULTIPLIES IT BY 2, AND THEN ADDS 1.
IF THE INPUT IS 3, THE oUTPUT IS F(3) = 2(3) + 1 =7.

(UNDERSTANDING THE PROPERTIES OF FUNCTIONS IS CRUCIAL FOR ANALYZING THEIR BEHAVIOR. THIS INCLUDES DETERMINING THEIR
DOMAIN (THE SET OF ALL POSSIBLE INPUT \/ALUES) AND RANGE (THE SET OF ALL POSSIBLE OUTPUT VALUES). WE ALSO
EXAMINE CHARACTERISTICS LIKE WHETHER A FUNCTION IS INCREASING OR DECREASING, ITS INTERCEPTS, AND ITS SYMMETRY.
FUNCTIONS CAN BE REPRESENTED IN VARIOUS WAYS: THROUGH EQUATIONS, TABLES OF VALUES, GRAPHS, AND VERBAL
DESCRIPTIONS. EACH REPRESENTATION OFFERS A DIFFERENT PERSPECTIVE ON THE RELATIONSHIP BEING DESCRIBED.

WHAT IS A FUNCTION?

A FUNCTION IS A RELATIONSHIP BETWEEN A SET OF INPUTS AND A SET OF OUTPUTS, WHERE EACH INPUT IS ASSOCIATED WITH
EXACTLY ONE OUTPUT. IMAGINE A VENDING MACHINE: YOU PRESS A SPECIFIC BUTTON (INPUT), AND YOU GET A SPECIFIC SNACK
(OUTPUT). Y OU NEVER PRESS THE BUTTON FOR CHIPS AND GET SODA. THIS ONE-TO-ONE CORRESPONDENCE IS THE HALLMARK OF
A FUNCTION. MATHEMATICALLY, WE OFTEN EXPRESS FUNCTIONS USING AN EQUATION, LIKE G(T) =T12- 5. FOR ANY VALUE OF
‘T’ you pPLUG IN, THERE WILL BE ONLY ONE RESULTING VALUE FOR G(T).

DoMAIN AND RANGE OF FUNCTIONS

THE DOMAIN OF A FUNCTION IS THE SET OF ALL POSSIBLE VALID INPUTS (X‘VALUES) FOR WHICH THE FUNCTION IS DEFINED. THE
RANGE OF A FUNCTION IS THE SET OF ALL POSSIBLE OUTPUT VALUES (F(X)‘VALUES) THAT THE FUNCTION CAN PRODUCE. FOR
EXAMPLE, IN THE FUNCTION F(X) = X, THE DOMAIN IS ALL NON-NEGATIVE REAL NUMBERS (X > O) BECAUSE YOU CANNOT TAKE
THE SQUARE ROOT OF A NEGATIVE NUMBER AND GET A REAL RESULT. THE RANGE FOR THIS FUNCTION IS ALSO ALL NON-
NEGATIVE REAL NUMBERS (F(X) > O) IDENTIFYING THE DOMAIN AND RANGE HELPS US UNDERSTAND THE BOUNDARIES AND
POTENTIAL VALUES OF A FUNCTION.

TyPes orF FUNCTIONS

THERE ARE MANY TYPES OF FUNCTIONS, EACH WITH UNIQUE CHARACTERISTICS AND BEHAVIORS. SOME OF THE FOUNDATIONAL
TYPES YOU'LL ENCOUNTER IN COLLEGE ALGEBRA INCLUDE:

o LINEAR FUNCTIONS: HAVE A CONSTANT RATE OF CHANGE (E.G., F(X) = MX + B).

QUADRATIC FUNCTIONS: INVOLVE A SQUARED TERM AND GRAPH AS PARABOLAS (E.G., F(x) = AXZ + BX + C).

® PoLYNOMIAL FUNCTIONS: GENERALIZATIONS OF QUADRATIC FUNCTIONS WITH HIGHER POWERS OF X.

RATIONAL FUNCTIONS: FUNCTIONS THAT ARE RATIOS OF POLYNOMIALS (E.G., F(x) = P(x)/Q(x)).

o EXPONENTIAL FUNCTIONS: INVOLVE A VARIABLE IN THE EXPONENT (E.G., F(X) = A ).

LOGARITHMIC FUNCTIONS: THE INVERSE OF EXPONENTIAL FUNCTIONS.

EACH TYPE OF FUNCTION HAS SPECIFIC PROPERTIES THAT DICTATE ITS GRAPHICAL REPRESENTATION AND APPLICATIONS.



GRAPHING LINEAR AND QUADRATIC FUNCTIONS

GRAPHING IS A POWERFUL VISUAL TOOL THAT HELPS US UNDERSTAND THE BEHAVIOR OF MATHEMATICAL FUNCTIONS. FOR
LINEAR FUNCTIONS, THE GRAPH IS ALWAYS A STRAIGHT LINE. THE EQUATION Y = MX + B IS THE SLOPE-INTERCEPT FORM, WHERE
‘M’ REPRESENTS THE SLOPE (THE STEEPNESS AND DIRECTION OF THE LINE) AND ‘B’ REPRESENTS THE Y-INTERCEPT (\X/HERE THE LINE
CROSSES THE Y‘AXIS). BY IDENTIFYING THESE TWO VALUES, YOU CAN QUICKLY AND ACCURATELY GRAPH ANY LINEAR
EQUATION.

QUADRATIC FUNCTIONS, ON THE OTHER HAND, GRAPH AS PARABOLAS — U-SHAPED CURVES THAT CAN OPEN UPWARDS OR
DOWNWARDS. THE STANDARD FORM OF A QUADRATIC EQUATION IS ¥ = AX2 + BX + C. THE COEFFICIENT ‘A’ DETERMINES THE
DIRECTION THE PARABOLA OPENS (UP\X/ARDS F'A’ s POSITIVE, DOWNW ARDS IF ‘A"1s NEGATIVE) AND ITS WIDTH. THE VERTEX
OF THE PARABOLA IS A KEY FEATURE, REPRESENTING THE MINIMUM OR MAXIMUM POINT OF THE FUNCTION. (UNDERSTANDING THESE
GRAPHING PRINCIPLES ALLOWS FOR THE VISUAL INTERPRETATION AND ANALYSIS OF ALGEBRAIC RELATIONSHIPS.

GRAPHING LINEAR EQUATIONS

GRAPHING A LINEAR EQUATION IS ONE OF THE MOST FUNDAMENTAL SKILLS IN ALGEBRA. ONCE YOU HAVE AN EQUATION IN SLOPE-
INTERCEPT FORM (Y = MX + B), THE PROCESS IS STRAIGHTFORWARD. FIRST, PLOT THE Y-INTERCEPT ('8") ON THE Y-AXIS. THIS
IS YOUR STARTING POINT. NEXT, USE THE SLOPE (‘M) TO FIND OTHER POINTS ON THE LINE. REMEMBER THAT SLOPE IS “RISE OVER
RUN.” |F THE SLOPE IS 2/3, YOU WOULD MOVE UP 2 UNITS (RISE) AND THEN RIGHT 3 UNITS (RUN) FROM YOUR Y-INTERCEPT TO
FIND ANOTHER POINT. CONNECT THESE POINTS WITH A STRAIGHT LINE, EXTENDING IT IN BOTH DIRECTIONS AND ADDING ARROWS
TO INDICATE IT CONTINUES INFINITELY. |F THE EQUATION IS NOT IN SLOPE-INTERCEPT FORM, YOU CAN REARRANGE IT OR USE
OTHER METHODS LIKE FINDING THE X AND Y INTERCEPTS.

GRAPHING QUADRATIC FUNCTIONS

THE GRAPH OF A QUADRATIC FUNCTION, Y = AX2 + BX + C, IS A PARABOLA. THE SIGN OF ‘A" TELLS YOU IF IT OPENS UPWARDS
(A > 0) or bowNwARDS (A < 0). THE VERTEX OF THE PARABOLA IS THE MOST IMPORTANT POINT TO FIND. |TS X~
COORDINATE CAN BE FOUND USING THE FORMULA X = -8 / (2A). ONCE YOU HAVE THE X-COORDINATE OF THE VERTEX,
SUBSTITUTE IT BACK INTO THE QUADRATIC EQUATION TO FIND THE CORRESPONDING Y-COORDINATE. PLOTTING THE VERTEX AND
A FEW OTHER POINTS (LIKE THE Y-INTERCEPT, WHICH IS 'C") WILL GIVE YOU A GOOD SKETCH OF THE PARABOLA. YOU CAN
ALSO FIND THE X-INTERCEPTS (ROOTS) BY SETTING Y = O AND SOLVING THE QUADRATIC EQUATION.

Key FEATURES oF GRAPHS

\W/HEN ANALYZING GRAPHS OF FUNCTIONS, SEVERAL KEY FEATURES ARE ESSENTIAL TO IDENTIFY:

o INTERCEPTS: THESE ARE THE POINTS WHERE THE GRAPH CROSSES THE X-AXIS (X-INTERCEPTS) OR THE Y-AXIS (Y-
INTERCEPTS).

VERTEX: FOR PARABOLAS, THIS IS THE HIGHEST OR LOWEST POINT.
o ASYMPTOTES: LINES THAT A GRAPH APPROACHES BUT NEVER TOUCHES, OFTEN SEEN IN RATIONAL FUNCTIONS.

SYMMETRY: WHETHER A GRAPH IS SYMMETRIC ABOUT THE Y-AXIS <EVEN FUNCTION) OR THE ORIGIN <ODD FUNCTION).

|NCEEASING/DECEEASING INTERVALS: THE INTERVALS OF X-VALUES FOR WHICH THE FUNCTION'S Y-VALUES ARE
INCREASING OR DECREASING.

UNDERSTANDING THESE FEATURES PROVIDES A COMPREHENSIVE PICTURE OF A FUNCTION'S BEHAVIOR AND PROPERTIES.



FAQ

QI \WHY ARE FOUNDATIONAL ALGEBRA TOPICS CONSIDERED SO IMPORTANT FOR
COLLEGE-LEVEL MATH?

A: FOUNDATIONAL ALGEBRA TOPICS ARE CRITICAL BECAUSE THEY PROVIDE THE ESSENTIAL LANGUAGE AND TOOLS NEEDED TO
UNDERSTAND MORE ADVANCED MATHEMATICAL CONCEPTS. W/ITHOUT A STRONG GRASP OF VARIABLES, EQUATIONS, FUNCTIONS,
AND GRAPHING, TACKLING CALCULUS, LINEAR ALGEBRA, STATISTICS, AND EVEN ADVANCED SCIENCE AND ENGINEERING COURSES
WOULD BE EXTREMELY CHALLENGING, IF NOT IMPOSSIBLE. THEY BUILD THE LOGICAL REASONING AND PROBLEM-SOLVING SKILLS
NECESSARY FOR SUCCESS.

QZ \WHAT IS THE MOST CHALLENGING FOUNDATIONAL ALGEBRA TOPIC FOR STUDENTS ’
AND HOW CAN THEY OVERCOME IT?

A: MANY STUDENTS FIND FUNCTIONS AND THEIR VARIOUS PROPERTIES, ESPECIALLY GRAPHING AND UNDERSTANDING
DOMAIN/RANGE, TO BE CHALLENGING. THIS IS OFTEN DUE TO THE ABSTRACT NATURE OF FUNCTIONS AND THE NEED TO CONNECT
SYMBOLIC MANIPULATION WITH VISUAL REPRESENTATION. OVERCOMING THIS OFTEN INVOLVES CONSISTENT PRACTICE, USING
DIFFERENT REPRESENTATIONS (EQUATIONS, GRAPHS, TABLES), WORKING THROUGH NUMEROUS EXAMPLES, AND SEEKING HELP WHEN
CONCEPTS ARE UNCLEAR. VISUALIZING THE RELATIONSHIPS CAN BE A GAME-CHANGER.

Q: How po | kNow IF | HAVE A SOLID UNDERSTANDING OF COLLEGE ALGEBRA
FOUNDATIONAL TOPICS?

A: A SOLID UNDERSTANDING MEANS YOU CAN NOT ONLY SOLVE PROBLEMS BUT ALSO EXPLAIN THE "WHY' BEHIND THE METHODS.
YOU SHOULD BE ABLE TO APPLY THESE CONCEPTS TO NEW, SLIGHTLY DIFFERENT PROBLEMS, IDENTIFY PATTERNS, AND USE
ALGEBRAIC REASONING TO SOLVE REAL-WORLD SCENARIOS. BEING ABLE TO TEACH A CONCEPT TO SOMEONE ELSE IS A GOOD
INDICATOR OF MASTERY. REGULAR PRACTICE WITH VARIED PROBLEM TYPES, NOT JUST MEMORIZING FORMULAS, IS KEY.

Q: ARE THERE COMMON MISTAKES STUDENTS MAKE WHEN LEARNING FOUNDATIONAL
ALGEBRA TOPICS?

A: YES/ COMMON MISTAKES INCLUDE ERRORS IN APPLYING EXPONENT RULES, INCORRECTLY HANDLING SIGNS WHEN DISTRIBUTING
OR SOLVING INEQUALITIES, CONFUSING SIMILAR-LOOKING CONCEPTS LIKE SIMPLIFYING EXPRESSIONS VERSUS SOLVING
EQUATIONS, AND NOT CHECKING SOLUTIONS OR IDENTIFYING RESTRICTIONS IN RATIONAL EXPRESSIONS. ATTENTION TO DETAIL,
CAREFUL STEP-BY-STEP WORK, AND DOUBLE-CHECKING ANSWERS ARE VITAL FOR AVOIDING THESE PITFALLS.

Q: How CAN | EFFECTIVELY PRACTICE COLLEGE ALGEBRA FOUNDATIONAL ALGEBRA
TOPICS?

A: EFFECTIVE PRACTICE INVOLVES MORE THAN JUST DOING ASSIGNED HOMEWORK. |T INCLUDES WORKING THROUGH EXAMPLES
FROM TEXTBOOKS, USING ONLINE RESOURCES WITH PRACTICE PROBLEMS AND SOLUTIONS, FORMING STUDY GROUPS TO DISCUSS
CONCEPTS AND SOLVE PROBLEMS COLLABORATIVELY, AND EVEN TRYING TO CREATE YOUR OWN PRACTICE PROBLEMS. Focusing
ON UNDERSTANDING THE UNDERLYING PRINCIPLES RATHER THAN JUST MEMORIZING STEPS WILL LEAD TO MORE ROBUST LEARNING.

QZ \WHAT IS THE ROLE OF WORD PROBLEMS IN LEARNING FOUNDATIONAL ALGEBRAP

A: \W ORD PROBLEMS ARE ESSENTIAL BECAUSE THEY BRIDGE THE GAP BETWEEN ABSTRACT ALGEBRAIC CONCEPTS AND REAL-
WORLD APPLICATIONS. THEY TEACH YOU HOW TO TRANSLATE VERBAL DESCRIPTIONS INTO MATHEMATICAL EQUATIONS OR
INEQUALITIES, WHICH IS A CRUCIAL PROBLEM~SOLVING SKILL. REGULARLY WORKING THROUGH WORD PROBLEMS HELPS SOLIDIFY



YOUR UNDERSTANDING OF HOW AND WHY FOUNDATIONAL ALGEBRA TOPICS ARE USED OUTSIDE THE CLASSROOM.
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