college algebra factoring strategies

college algebra factoring strategies are fundamental to mastering higher-
level mathematics, unlocking doors to solving complex equations, simplifying
expressions, and understanding the behavior of functions. This comprehensive
guide delves into the essential techniques and approaches that form the
bedrock of algebraic manipulation. We will explore various factoring methods,
from the simplest common factor extraction to more intricate trinomial and
special product factoring, providing detailed explanations and practical
examples. Understanding these strategies will not only improve your
proficiency in college algebra but also set a solid foundation for calculus,
linear algebra, and beyond. This article aims to equip students with the
confidence and competence to tackle any factoring challenge.
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Greatest Common Factor (GCF) Factoring

The most fundamental factoring strategy involves identifying and extracting
the Greatest Common Factor (GCF) from a polynomial. This is the first step in
most factoring processes because it simplifies the expression and often
reveals further factoring possibilities. The GCF is the largest monomial that
divides evenly into every term of the polynomial. It can involve both
numerical coefficients and variable terms.

Identifying the GCF

To find the GCF of the numerical coefficients, determine the largest integer
that divides into each coefficient. For the variable terms, identify the
lowest power of each variable that appears in every term. Multiplying these
together gives you the GCF of the polynomial. For example, in the expression
$6x"2y + 9xy"2 - 12x"3y"2$, the GCF of the coefficients 6, 9, and 12 is 3.
The lowest power of x is $x”1$ (or x), and the lowest power of y is $y~1$ (or
y) . Thus, the GCF is $3xyS$S.

Extracting the GCF

Once the GCF is identified, you divide each term of the polynomial by the GCF



and write the GCF as a factor outside parentheses. The remaining expression
inside the parentheses consists of the results of these divisions. Using the
previous example, dividing $6x"2y + 9xy"2 - 12x"3y"2$ by $3xy$ yields:

$3xy (\frac{6x"2y}{3xy} + \frac{9xy”"2}{3xy} - \frac{1l2x"3y"2}{3xy}) = 3xy(2x +
3y — 4x"2y)$. This factored form is equivalent to the original expression and
is often much easier to work with.

Factoring by Grouping

Factoring by grouping is a powerful technique applicable to polynomials with
four or more terms, particularly when they cannot be factored by simply
finding a single GCF for all terms. This method relies on grouping terms in
pairs, factoring out the GCF from each pair, and then factoring out a common
binomial factor.

Grouping Terms Strategically

The first step in factoring by grouping is to arrange the terms in a way that
facilitates common factors. Typically, this involves grouping the first two
terms and the last two terms. However, other groupings might be necessary
depending on the polynomial. For instance, consider the expression S$Sax + ay +
bx + by$. Grouping the first two terms and the last two gives $(ax + ay) +
(bx + by)S$S.

Factoring Pairs and Common Binomials

Next, factor out the GCF from each pair. In our example, the GCF of $ax + ay$
is $a$, and the GCF of $bx + by$ is $bS$. This results in $Sa(x + y) + b(x +
y)S$S. Notice that a common binomial factor, $(x + y)$, has emerged. The final
step is to factor out this common binomial, leaving $(x + y) (a + b)S$. It's
crucial that the binomials resulting from each pair are identical for this
method to work effectively.

Factoring Trinomials

Factoring trinomials, expressions with three terms, is a cornerstone of
college algebra. The most common form is a quadratic trinomial of the type
Sax”2 + bx + c$. The strategies for factoring these vary depending on whether
the leading coefficient ($a$) is 1 or greater than 1.

Factoring Trinomials with a Leading Coefficient of 1

For trinomials of the form $x"2 + bx + c¢c$, the goal is to find two numbers
that multiply to $c$ and add up to $b$. If such numbers, say $p$ and $g$,
exist, the trinomial can be factored as $(x + p)(x + g)$. For example, to
factor $x72 + 7x + 10$, we need two numbers that multiply to 10 and add to 7.
These numbers are 2 and 5, so the factored form is $(x + 2)(x + 5)8S.



Factoring Trinomials with a Leading Coefficient
Greater Than 1

When the leading coefficient $a$ is not 1 (e.g., $ax”2 + bx + c¢$), factoring
becomes more complex. One common method is the "ac" method. Multiply the
leading coefficient $a$ by the constant term $c$. Find two numbers that
multiply to $ac$ and add to $b$. Then, rewrite the middle term ($bx$) using
these two numbers. Finally, factor by grouping. For example, to factor $2x"2
+ 11x + 12%, we multiply $a=2$ and $c=12$ to get 24. We need two numbers that
multiply to 24 and add to 11; these are 3 and 8. So, we rewrite the trinomial
as $2x72 + 3x + 8x + 12$. Factoring by grouping then yields $(2x72 + 3x) +
(8x + 12) = x(2x + 3) + 4(2x + 3) = (2x + 3)(x + 4)8S.

Factoring Special Products

Certain polynomial forms, known as special products, have specific factoring
patterns that can significantly speed up the process. Recognizing these
patterns is crucial for efficient factoring.

Difference of Squares

The difference of squares pattern applies to binomials in the form $a”2 -
b"2$. This pattern factors into $(a - b) (a + b)$. For example, to factor

$9x"2 - 16S$, recognize that $9x72 = (3x)"2$ and $16 = (4)"2$. Therefore,

$9x"2 — 16 = (3x — 4) (3x + 4)8S.

Sum and Difference of Cubes

There are also specific formulas for the sum and difference of cubes.

e The difference of cubes, $a”3 - b"3$%, factors into $(a - b) (a2 + ab +
b"2)$.

e The sum of cubes, $a”3 + b"3$, factors into $(a + b) (a2 - ab + b"2)5S.

For instance, factoring $8x"3 - 27$ involves recognizing that $8x"3 = (2x)"3$
and $27 = (3)73S$. Using the difference of cubes formula, we get $(2x -
3) ((2x) "2 + (2x) (3) + 372) = (2x — 3) (4x"2 + 6% + 9)5.

Perfect Square Trinomials

Perfect square trinomials are a specific type of trinomial that results from
squaring a binomial. They come in two forms:

e Sa”~2 + 2ab + b"2

(a + b)n2s

e Sa”2 - 2ab + b"2

(a = b)"2$

To identify one, check if the first and last terms are perfect squares and if
the middle term is twice the product of their square roots. For example, $x"2



+ 10x + 25$ is a perfect square trinomial because $x72$ is the square of $x§,
$25$ is the square of $5$, and $10x = 2(x) (5)$. Thus, it factors as $(x +
5)72$. Similarly, $4x"2 - 12x + 9$ factors as $(2x - 3)"2S.

Advanced Factoring Techniques

Beyond the standard methods, some polynomial factoring problems may require a
combination of techniques or more specialized approaches, often encountered
in later stages of college algebra or precalculus.

Factoring by Substitution

For expressions that resemble quadratic forms but have higher powers,
substitution can be an effective strategy. If a polynomial can be written in
the form $au”{2n} + bu”™n + c$, where $u”™n$ is replaced by a new variable, say
Sv$, the expression transforms into a gquadratic $av”2 + bv + c¢$, which can
then be factored using the methods described earlier. For example, to factor
$x~4 — 5x72 + 45, let $v = x72$. The expression becomes $v*2 - 5v + 4$. This
factors into $(v - 1) (v - 4)$. Substituting back $x72$ for S$v$, we get $(x"2
- 1) (x"2 - 4)$. Each of these factors is a difference of squares and can be
factored further: $S(x - 1)(x + 1) (x — 2)(x + 2)8S.

Factoring Polynomials of Higher Degree

For polynomials of degree three or higher that do not fit into special
product patterns or are not readily factorable by grouping, the Rational Root
Theorem and polynomial division (synthetic or long division) can be employed.
The Rational Root Theorem helps identify potential rational roots, which can
then be tested using synthetic division to find linear factors.

Putting It All Together: A Step-by-Step
Approach

When faced with a factoring problem, a systematic approach ensures all
possibilities are considered and the most efficient method is applied. This
methodical process is key to mastering college algebra factoring strategies.

The General Factoring Process

The following steps provide a reliable framework for factoring any
polynomial:

1. Look for a GCF: Always check 1if there is a Greatest Common Factor among
all terms. Factor it out first.

2. Count the Terms:

o If there are two terms, check for the difference of squares, sum of



cubes, or difference of cubes.

o If there are three terms, check if it's a perfect square trinomial.
If not, try factoring it as a general trinomial (leading coefficient
of 1 or greater than 1).

o If there are four or more terms, try factoring by grouping.

3. Check for Further Factoring: After applying a factoring method, examine
each resulting factor to see if it can be factored further. For example,
a difference of squares should always be factored completely.

4. Verify Your Answer: Multiply the factored expressions back together to
ensure you arrive at the original polynomial.

By diligently following these steps, students can confidently approach a wide
range of factoring problems encountered in college algebra and beyond.

FAQ

Q: What is the first step in factoring any
polynomial?

A: The very first step in factoring any polynomial is to look for and factor
out the Greatest Common Factor (GCF) from all terms. This simplifies the
expression and often makes subsequent factoring steps easier.

Q: How do I know if a trinomial is a perfect square
trinomial?

A: A trinomial of the form $a”2 \pm 2ab + b”"2$ is a perfect square trinomial
if the first term ($a”2$) and the last term ($b"2$) are perfect squares, and
the middle term is exactly twice the product of the square roots of the first
and last terms ($\pm 2abs).

Q: What is the difference between factoring $x*2 + bx
+ ¢$ and $ax”*2 + bx + c$ where $a \neq 1$?

A: For $x72 + bx + c¢$, you look for two numbers that multiply to $c$ and add
to $bS$. For $ax”"2 + bx + c$ where $a \neq 1$, factoring is more complex.
Methods like the "ac" method or trial and error are typically used, often
involving finding two numbers that multiply to $ac$ and add to $b$, then
using factoring by grouping.

Q: Can factoring by grouping be used for trinomials?

A: Factoring by grouping is primarily used for polynomials with four or more
terms. While some trinomials can be manipulated to allow for grouping (e.g.,
by splitting the middle term), it's not the standard or most direct method
for trinomials.



Q: What is the rule for factoring the difference of
cubes?

A: The difference of cubes, represented as $a”3 - b"3$, factors into the
product of a binomial and a trinomial: $(a - b) (a”2 + ab + b"2)$. The
mnemonic "SOAP" (Same, Opposite, Always Positive) can help remember the signs
in the factors.

Q: When should I consider using substitution in
factoring?

A: Substitution is useful when a polynomial has a structure that resembles a
quadratic equation but involves higher powers, such as $x"4 - 5x"2 + 4$. By

substituting a new variable for the repeated term (e.g., let $v = x72$), the
expression can be transformed into a standard quadratic that can be factored.

Q: What if a factor can be factored further after the
initial step?

A: It is crucial to factor polynomials completely. After applying an initial
factoring technique, you should always examine each resulting factor to see
if it can be factored further, especially for patterns like the difference of
squares.

Q: How does the Rational Root Theorem help with
factoring?

A: The Rational Root Theorem provides a list of possible rational roots
(zeros) for a polynomial with integer coefficients. These potential roots can
then be tested using synthetic division to find linear factors $(x - r)S$,
where $r$ is a root.
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