cointegration econometrics basics

The concept of cointegration econometrics basics is fundamental for understanding long-run
relationships between economic variables that may otherwise appear to be non-stationary. Many
macroeconomic and financial time series, such as GDP, inflation rates, or asset prices, exhibit trends
and are therefore non-stationary, meaning their statistical properties (like mean and variance)
change over time. When two or more such non-stationary series move together in the long run, they
are said to be cointegrated. This article will delve into the core principles of cointegration, exploring
its theoretical underpinnings, practical estimation techniques, and its significance in economic
modeling. We will cover the definition of stationarity and non-stationarity, the intuition behind
cointegration, various methods for testing cointegration, and the implications of cointegration for
error correction models and forecasting. Understanding these cointegration econometrics basics is
crucial for economists and researchers aiming to build robust models that capture enduring
economic linkages.
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Understanding Stationarity and Non-Stationarity

At the heart of understanding cointegration lies the concept of stationarity in time series data. A
stationary time series is one whose statistical properties, such as its mean, variance, and
autocorrelation, do not change over time. In simpler terms, the probability distribution of the series
remains constant throughout its historical record. This property is highly desirable for many
statistical and econometric analyses, as it simplifies modeling and inference. For instance, if a series
is stationary, we can assume that past behavior is a reliable predictor of future behavior.

Conversely, a non-stationary time series is one whose statistical properties do change over time. The
most common type of non-stationarity encountered in economics is that which arises from the
presence of a unit root. A time series with a unit root, often referred to as an integrated process,
exhibits unpredictable fluctuations and trends that do not revert to a long-run mean. Examples
include stock prices, commodity prices, and macroeconomic aggregates like Gross Domestic Product
(GDP) or consumer price indices. These series often display trends that persist, making them appear
to drift over time.

The Unit Root Problem

The presence of a unit root in a time series is a critical issue in econometrics. A unit root means that



past shocks to the system have permanent effects. For a time series \(Y t\), a common model
exhibiting a unit root is the random walk, defined by the equation \(Y t =Y {t-1} + \epsilon _t\),
where \(\epsilon t\) is a white noise error term. In this model, the current value of \(Y t\) depends
directly on its previous value, and any random shock \(\epsilon t\) is added to the level, propagating
its effect indefinitely into the future. This leads to a time-varying mean and variance, characteristic
of non-stationarity.

Econometric models built using non-stationary variables without accounting for their unit root
properties can lead to spurious regressions. A spurious regression occurs when a statistical
relationship appears to exist between two or more independent non-stationary time series, even
though no true underlying economic relationship exists. The regression coefficients will be
statistically significant, but they will not reflect a genuine economic linkage and will have unreliable
statistical properties. This underscores the importance of identifying and addressing non-stationarity
before proceeding with many types of analyses.

Consequences of Non-Stationarity for Regression Analysis

When regression analysis is performed on non-stationary variables, the standard assumptions of
econometrics are violated. The t-statistics and F-statistics derived from such regressions can be
misleading. Specifically, the t-statistics may appear significant even when the null hypothesis of no
relationship is true, leading to incorrect conclusions about the significance of the estimated
coefficients. This problem is known as spurious regression, and it is a major concern when dealing
with economic time series.

To avoid spurious regressions, researchers often employ methods to transform non-stationary data
into stationary data, such as differencing. Differencing a time series involves taking the difference
between consecutive observations. If a series \(Y t\) is integrated of order one, denoted \(I(1)\), then
its first difference, \(\DeltaY t =Y t-Y {t-1}\), will be stationary, or \(I(0)\). While differencing can
address the problem of non-stationarity for individual series, it has a significant drawback: it
discards long-run information. This is precisely where the concept of cointegration becomes vital, as
it allows us to analyze long-run relationships without necessarily resorting to differencing.

The Intuition Behind Cointegration

Cointegration provides a powerful framework for analyzing the long-run equilibrium relationships
between two or more non-stationary time series. The core idea is that while individual economic
variables might exhibit random walks and appear to drift apart over time, certain combinations of
these variables can remain stable and tend to move back towards a long-run equilibrium
relationship. Think of two drunken friends walking home. Each friend might stumble and wander
unpredictably, appearing non-stationary on their own. However, if they are holding onto each other,
their movements, while individually erratic, will be constrained by their connection. They will tend to
stay within a certain proximity of each other, exhibiting a form of co-movement.

In econometrics, this "holding onto each other" is represented by a linear combination of the non-
stationary variables. If a set of \(k\) time series variables, \(Y _{1t}, Y {2t}, \ldots, Y {kt}\), are all



integrated of order one (I(1)), they are said to be cointegrated if there exists a linear combination of
these variables that is integrated of order zero (I(0)). This stationary linear combination represents
the equilibrium error or deviation from the long-run relationship. The existence of cointegration
implies that the variables are bound together in the long run, preventing them from drifting
infinitely far apart.

Defining Cointegration Mathematically

Formally, a vector of time series \(X t = (Y {1t}, Y {2t}, \Idots, Y {kt})')) is said to be cointegrated
if each \(Y {it}\) is \(I(1)\) and there exists a non-zero vector \(\beta = (\beta 1, \beta 2, \ldots,

\beta k)"\) such that the linear combination \(Z t = \beta' X t =\beta 1Y {1t} + \beta 2Y {2t} +
\Idots + \beta kY {kt}\) is \(I(0)\). The vector \(\beta\) is known as the cointegrating vector, and the
equation \(\beta' X t = 0\) (or more generally, \(\beta' X t = u t\), where \(u t\) is stationary)
describes the long-run equilibrium relationship among the variables.

The number of such linearly independent cointegrating vectors is known as the cointegrating rank,
denoted by \(r\). If \(r=0\), there are no cointegrating relationships, and the series behave
independently in the long run. If \(r=1\), there is a single long-run equilibrium relationship among
the variables. If \(r=k\), then all \(k\) variables are individually stationary (which is a special case
where the cointegrating vector can be normalized to represent individual series). In most economic
applications, we are interested in cases where \(0 < r < k\), indicating that a subset of linear
combinations can restore stationarity.

Economic Interpretations of Cointegrated Variables

The economic interpretation of cointegration is profound. It suggests that despite short-term
fluctuations and deviations, economic forces are at play that pull these variables back towards a
stable, long-run equilibrium. For example, the prices of similar commodities in different markets
might be cointegrated. If the price in one market deviates too far from another, arbitrage
opportunities arise, leading traders to buy in the cheaper market and sell in the more expensive one,
thereby pushing the prices back into alignment. This suggests that the spread between these prices
is stationary.

Another common example is the relationship between consumption and income. While both can be
non-stationary, economic theory suggests that consumption should, in the long run, be a stable
fraction of income. If consumption deviates significantly from this expected level relative to income,
consumers might adjust their spending or borrowing, guiding consumption back towards its long-run
path. The cointegrating vector in this case would capture the long-run marginal propensity to
consume.

Testing for Cointegration

Before estimating a cointegrating relationship, it is essential to formally test whether one exists.



This involves first establishing that the individual series are non-stationary (typically \(I(1)\)) and
then testing if a linear combination of them is stationary. Several statistical tests have been
developed for this purpose, each with its strengths and weaknesses.

Engle-Granger Two-Step Method

The Engle-Granger method is one of the earliest and most intuitive approaches to testing for
cointegration. The procedure involves two main steps. First, one must confirm that the individual
time series are indeed non-stationary, usually by performing unit root tests (like the Augmented
Dickey-Fuller test) on each variable. If all variables are found to be \(I(1)\), the second step is to
estimate the long-run relationship between them using Ordinary Least Squares (OLS). For example,
if we suspect \(Y t\) and \(X t\) are cointegrated, we would run the regression \(Y t = \alpha + \beta
X t+ut).

The residuals from this OLS regression, \(\hat{u} t\), are then used to test for cointegration. The
hypothesis is that the residuals \(\hat{u} t\) are stationary (i.e., \(u_t \sim I(0)\)). This is tested by
performing a unit root test on \(\hat{u} t\). However, the critical values for this test are not the
standard Dickey-Fuller critical values because the residuals are obtained from an estimated
regression, not observed directly. Special Engle-Granger critical values, which depend on the
number of variables in the regression, must be used. If the test rejects the null hypothesis of a unit
root in the residuals, it implies that the residuals are stationary, and thus, the variables \(Y t\) and
\(X t\) are cointegrated.

Johansen Cointegration Test

The Johansen test is a more powerful and general method for testing cointegration, especially when
dealing with more than two variables. Unlike the Engle-Granger method, which assumes only one
cointegrating vector and is sensitive to the choice of the dependent variable, the Johansen test can
identify the number of cointegrating vectors (the cointegrating rank, \(r\)) and estimate all of them
simultaneously. The test is based on a Vector Autoregression (VAR) framework.

The Johansen test formulates a VAR model of order \(p\) for the \(k\) variables: \(X t =\Pi 1 X {t-1}
+ \ldots + \Pi p X {t-p} + \mu + \epsilon t\). This can be reparameterized into a Vector Error
Correction Model (VECM): \(\Delta X t = \Pi X {t-1} + \Gamma 1 \Delta X {t-1} + \ldots +
\Gamma {p-1} \Delta X {t-p+1} + \mu + \epsilon t\), where \(\Pi = - (I-\Pi 1 -\ldots - \Pi p)\) and
\(\Gamma i = - (\Pi {i+1} + \Idots + \Pi _p)\). The key matrix is \(\Pi\). If the variables are
cointegrated, the rank of \(\Pi\) will be less than \(k\). Specifically, if the rank is \(r\), then there are
\(r\) linearly independent cointegrating vectors.

The Johansen test uses likelihood ratio tests to determine the rank \(r\) of the matrix \(\Pi\). Two
main test statistics are used: the trace statistic and the maximum eigenvalue statistic. Both tests
involve comparing the estimated eigenvalues of \(\Pi\) to critical values. The trace statistic tests the
null hypothesis that the cointegrating rank is at most \(r\) against the alternative that it is \(k\). The
maximum eigenvalue statistic tests the null hypothesis that the rank is \(r\) against the alternative
that it is \(r+1\).



Estimating Cointegration Relationships

Once cointegration is established, the next step is to estimate the cointegrating vector(s) and the
associated long-run relationship. The methods used for estimation depend on the testing procedure
and the number of cointegrating relationships.

Maximum Likelihood Estimation

The Johansen procedure inherently provides maximum likelihood estimates of the cointegrating
vectors as part of its testing framework. When the rank \(r\) is determined, the \(\Pi\) matrix is
decomposed as \(\Pi = \alpha \beta"\), where \(\beta\) contains the \(r\) cointegrating vectors and
\(\alpha\) contains the corresponding adjustment coefficients. The estimates for \(\beta\) are derived
from the eigenvectors corresponding to the \(r\) largest eigenvalues of a matrix constructed from the
VAR system. These estimates are efficient and provide a consistent way to estimate all cointegrating
relationships simultaneously.

Dynamic OLS (DOLS)

Dynamic Ordinary Least Squares (DOLS) is an alternative method for estimating cointegrating
relationships, particularly useful for pairs of cointegrated variables. While the Engle-Granger
method uses static OLS on the levels of the variables, DOLS extends this by including leads and lags
of the differenced independent variables in the regression. For a cointegrating relationship \(Y t =
\alpha + \beta X t + u t\), where \(Y t\) and \(X t\) are \(I(1)\) and cointegrated, DOLS estimates the
model as:

\(Y t =\alpha + \beta X t + \sum {j=-q}"~{q} \gamma j\Delta X {t-j} + \nu t\)

where \(\Delta X {t-j}\) are the leads and lags of the first differences of \(X t\), and \(q\) is a pre-
determined lag length. The inclusion of these leads and lags helps to correct for potential
endogeneity and serial correlation in the error term that can arise from the cointegrating
relationship, leading to more efficient and unbiased estimates of the cointegrating coefficient
\(\beta\).

Fully Modified OLS (FMOLS)

Fully Modified Ordinary Least Squares (FMOLS) is another robust estimator for cointegrated
variables, developed by Phillips and Hansen. It aims to address the asymptotic bias and non-normal
distributions that can arise in standard OLS regressions with cointegrated variables. FMOLS
modifies the OLS estimator to account for the endogeneity and serial correlation caused by the unit
roots and cointegration. It does this by adjusting the coefficient estimates and the variance-
covariance matrix. The adjustment involves non-parametric corrections for long-run serial
correlation in the data and a correction for the endogeneity of regressors.

FMOLS provides asymptotically efficient estimates and valid standard errors for the cointegrating



vector. It is particularly useful when dealing with small sample sizes or when the error terms exhibit
significant serial correlation. Like DOLS, it focuses on improving the estimation of the long-run
coefficients by accounting for the dynamics of the system that are not captured by a simple static
regression.

Cointegration and Error Correction Models

The existence of cointegration implies that deviations from the long-run equilibrium are temporary
and that there are mechanisms that drive the variables back towards equilibrium. This relationship
is formally captured by the Error Correction Model (ECM). An ECM integrates both the short-run
dynamics and the long-run equilibrium adjustment of cointegrated variables.

The Structure of an Error Correction Model

An ECM is derived from a VECM representation of the cointegrated variables. If a set of \(k\)
variables \(X t\) are cointegrated with cointegrating rank \(r\), their joint dynamics can be
represented by a VECM of the form:

\(\Delta X t = \alpha \beta' X {t-1} + \sum {i=1}"{p-1} \Gamma i\Delta X {t-i} + \mu +
\epsilon t\)

In this equation, \(\Delta X t\) represents the vector of first differences of the variables. The term
\(\alpha \beta' X {t-1}\) is the error correction term. \(\beta' X {t-1}\) represents the deviation of the
variables from their long-run equilibrium at the previous period. The vector \(\alpha\) contains the
error correction coefficients, which indicate the speed at which each variable adjusts to restore the
long-run equilibrium. If \(\alpha i < 0\), then the \(i\)-th variable adjusts positively to a negative
deviation (i.e., it increases to correct the shortfall) and negatively to a positive deviation (i.e., it
decreases to correct the overshoot).

The \(\Gamma i\) matrices capture the short-run dynamics, allowing for adjustments based on past
changes in the variables. The term \(\epsilon t\) is a vector of white noise error terms. The ECM is a
powerful tool because it simultaneously models the short-run fluctuations and the long-run
adjustments toward equilibrium, providing a more complete picture of the system's behavior than
models that only focus on one aspect.

Interpreting Adjustment Coefficients

The coefficients in the \(\alpha\) vector of the ECM are crucial for understanding the adjustment
process. Each coefficient \(\alpha i\) measures how quickly the \(i\)-th variable adjusts to deviations
from the long-run equilibrium. For example, if we have a cointegrating relationship between
consumption \(C t\) and income \(Y t\), expressed as \(C t = \beta Y t\), and we estimate an ECM, a
negative coefficient for the error correction term associated with \(C t\) would indicate that if
consumption falls below its equilibrium level (relative to income), it will tend to increase in the next
period to move back towards equilibrium. The magnitude of this coefficient determines the speed of
adjustment.



A value of \(\alpha i\) close to zero suggests a slow adjustment process, meaning that once a
deviation occurs, it takes a long time for the variable to return to equilibrium. Conversely, a value
closer to -1 (for a variable that should increase to correct a deficit) implies a rapid adjustment. The
coefficients are typically interpreted in percentage terms, indicating the proportion of the
disequilibrium that is corrected within one time period (e.g., a quarter or a year).

Applications of Cointegration in Econometrics

The concept of cointegration has found widespread application across various fields of economics
and finance, providing valuable insights into the long-run stability and interdependencies of
economic systems.

Macroeconomic Modeling

In macroeconomics, cointegration is extensively used to model relationships between key aggregates
such as consumption and income, inflation and interest rates, or government debt and deficits. For
instance, the Permanent Income Hypothesis (PIH) suggests that consumption should be cointegrated
with a measure of permanent income. Testing for cointegration can provide empirical support for
such economic theories, which posit stable long-run relationships.

Another significant application is in the analysis of the purchasing power parity (PPP). PPP theory
posits that in the long run, exchange rates should adjust so that the prices of a basket of goods are
the same across countries. If the real exchange rate (the nominal exchange rate adjusted for
inflation differentials) is stationary, it implies that PPP holds in the long run. Cointegration tests are
frequently employed to examine this relationship, often finding that while PPP may not hold in the
short run, it does appear to hold over longer periods.

Financial Econometrics

In financial markets, cointegration is crucial for analyzing relationships between asset prices,
interest rates, and other financial variables. For example, pairs trading strategies in equity markets
often rely on the assumption that the prices of two highly correlated stocks will be cointegrated. If
the price spread between these stocks temporarily widens, a trader might short the outperforming
stock and buy the underperforming one, expecting the spread to revert to its long-run mean.

Cointegration is also applied to study the term structure of interest rates. Long-term interest rates
are often cointegrated with short-term interest rates, reflecting the expectation that the yield curve
will revert to some equilibrium shape. Understanding these relationships is vital for monetary policy
analysis, financial risk management, and investment strategies.



Modeling Policy Impacts

Cointegration analysis can help policymakers understand the long-term effects of their actions. For
instance, analyzing the cointegration between government spending, tax revenues, and budget
deficits can inform fiscal policy decisions. If these variables are cointegrated, it suggests that fiscal
policies tend to keep the economy on a sustainable path. Conversely, a lack of cointegration might
signal that current fiscal policies are unsustainable in the long run.

Similarly, in international economics, cointegration can be used to examine the long-run relationship
between trade balances and macroeconomic factors, or the stability of currency exchange rates. The
insights gained from cointegration models allow for more informed policy design and evaluation by
distinguishing between temporary shocks and persistent deviations from fundamental economic
relationships.

Implications for Forecasting

The existence of cointegration has significant implications for the forecasting of economic time
series. When variables are cointegrated, their long-run equilibrium relationship can be exploited to
produce more accurate and reliable forecasts compared to models that treat them as independent or
only consider short-run dynamics.

Improved Long-Term Forecasts

Forecasting with cointegrated variables typically involves using an Error Correction Model (ECM).
While standard VAR models might predict independent paths for non-stationary variables, an ECM
incorporates the pull towards the long-run equilibrium. This means that if the variables deviate from
their equilibrium path in the short run, the ECM's adjustment mechanism will guide the forecasts
back towards the predicted long-run relationship. This ability to incorporate long-run constraints
makes ECMs superior for forecasting over longer horizons.

For example, if forecasting consumption and income, and we know they are cointegrated, an ECM
will ensure that the forecasted consumption does not diverge too drastically from the forecasted
income, respecting the estimated long-run propensity to consume. This is particularly important in
economics, where variables often exhibit strong trends and long-run relationships are a key feature
of the system.

Forecasting with Vector Error Correction Models

Vector Error Correction Models (VECMs) are the standard tool for forecasting when cointegration is
present among multiple variables. A VECM explicitly models both the short-run dynamics (captured
by the lagged differences of the variables) and the long-run adjustment (captured by the error
correction term). When forecasting with a VECM, one typically forecasts the changes in the



variables and the adjustment towards equilibrium simultaneously.

The forecast for the next period will depend on the current deviations from equilibrium and the
current short-run dynamics. For multi-period forecasts, the ECM structure ensures that the
predicted future values remain consistent with the cointegrating relationship, preventing unrealistic
extrapolations of short-term trends. This constraint imposed by the long-run equilibrium is what
enhances the accuracy of VECM forecasts, especially for longer forecast horizons.

When Cointegration is Absent

If variables are found not to be cointegrated, then standard methods for forecasting non-stationary
time series, such as differencing the variables and using VAR models on the differenced series, are
generally preferred. In such cases, there is no binding long-run equilibrium relationship to exploit.
The forecasts will rely solely on extrapolating past short-term dynamics and trends. This highlights
that identifying cointegration is not just about theoretical understanding but also about practical
implications for predictive modeling, allowing for a more sophisticated and potentially more
accurate forecasting approach when such relationships exist.

Q: What is the primary goal of understanding cointegration
econometrics basics?

A: The primary goal of understanding cointegration econometrics basics is to identify and model
long-run equilibrium relationships between two or more non-stationary economic time series that
would otherwise appear to be unrelated or to lead to spurious regressions. This allows for more
robust economic analysis and more accurate forecasting by accounting for the inherent stability that
binds these variables together over time.

Q: Why are unit root tests crucial before testing for
cointegration?

A: Unit root tests are crucial because the theory of cointegration applies specifically to non-
stationary time series, typically those integrated of order one (I(1)). Testing for unit roots on
individual series confirms their non-stationary nature. If a series is already stationary (I1(0)), it does
not need to be cointegrated with other series in the same way. Cointegration is about how non-
stationary series move together.

Q: What is the main difference between the Engle-Granger and
Johansen cointegration tests?

A: The main difference is that the Engle-Granger test is a two-step procedure typically applied to
pairs of variables and assumes at most one cointegrating vector, while the Johansen test is a
multivariate approach that can identify and estimate multiple cointegrating vectors simultaneously
within a Vector Autoregression (VAR) framework. The Johansen test is generally considered more
powerful and versatile for systems with more than two variables.



Q: How does an Error Correction Model (ECM) leverage
cointegration for economic analysis?

A: An ECM leverages cointegration by explicitly incorporating the deviations from the long-run
equilibrium relationship as an explanatory variable. This "error correction term" shows how quickly
the variables adjust to restore the equilibrium after a shock. It allows economists to model both the
short-run dynamics and the long-run adjustment process in a single framework, providing a more
comprehensive understanding of the economic system.

Q: Can cointegration help in predicting stock market crashes?

A: While cointegration can be used to identify stable relationships between asset prices, it's
generally not a direct tool for predicting market crashes. Crashes often involve sudden,
unpredictable shifts or extreme events that go beyond the typical adjustments captured by
cointegration. However, cointegration might help identify assets that are linked, and if one deviates
significantly and persistently from its cointegrated partner, it could be a signal of underlying market
stress, but it's not a standalone crash predictor.

Q: What are the implications of finding no cointegration
between economic variables?

A: If no cointegration is found, it implies that the non-stationary variables do not share a stable long-
run equilibrium relationship. In such cases, standard econometric techniques that assume
stationarity (like differencing variables) are more appropriate for analysis and forecasting, as the
spurious regression problem is more likely to arise if level variables are regressed on each other
without accounting for their lack of co-movement.

Q: How does cointegration differ from simple correlation?

A: Correlation measures the degree to which two variables move together linearly. Cointegration is a
stronger concept that applies to non-stationary variables. Cointegrated variables are correlated in
the short run, but critically, they are bound by a linear relationship such that their deviations from
this long-run equilibrium are stationary and tend to revert to zero. Simple correlation does not imply
a stable long-run equilibrium.
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