
change of basis matrices college algebra

The concept of change of basis matrices in college algebra is a fundamental tool for simplifying complex
linear algebra problems. By understanding how to transform vector representations from one basis to
another, students can gain deeper insights into the structure of vector spaces and the behavior of linear
transformations. This article will provide a comprehensive exploration of change of basis matrices, covering
their definition, construction, properties, and applications in various mathematical contexts. We will delve
into the underlying principles that make these matrices so powerful, demonstrating how they can be used
to represent vectors and linear transformations in different coordinate systems. Mastering change of basis is
crucial for advanced studies in mathematics, physics, engineering, and computer science, unlocking more
efficient problem-solving strategies.
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Understanding Vector Spaces and Bases

Before diving into change of basis matrices, it's essential to have a solid grasp of vector spaces and bases. A
vector space is a collection of vectors that can be added together and multiplied by scalars, adhering to
certain axioms. Within any vector space, a basis is a set of linearly independent vectors that span the entire
space. This means any vector in the space can be uniquely expressed as a linear combination of the basis
vectors. The number of vectors in a basis defines the dimension of the vector space.

For instance, in a 2-dimensional Euclidean space (R²), the standard basis is often denoted as { (1, 0), (0, 1) }.
Any vector (a, b) can be written as a(1, 0) + b(0, 1). However, other sets of vectors can also form a basis for
R², as long as they are linearly independent and span the entire space. The choice of basis can significantly
impact how we represent and manipulate vectors and linear transformations.

The Importance of Different Bases

Why would we want to use a basis other than the standard one? Often, a specific problem or a particular
linear transformation might have a simpler representation in a non-standard basis. For example, a linear



transformation that involves rotations might be more easily understood and calculated if the basis vectors
are aligned with the axis of rotation. Similarly, in applications like signal processing or data analysis,
specialized bases can reveal underlying patterns or structures that are not apparent in the standard
coordinate system.

Linear Independence and Spanning Sets

The core properties of a basis are linear independence and spanning. A set of vectors is linearly
independent if the only way to form the zero vector as a linear combination of these vectors is by setting
all scalar coefficients to zero. A set of vectors spans a vector space if every vector in the space can be written
as a linear combination of these vectors. Together, these properties ensure that a basis provides a unique and
complete representation of every vector within the space.

Defining Change of Basis Matrices

A change of basis matrix, also known as a transition matrix, is a square matrix that facilitates the conversion
of a vector's coordinates from one basis to another within the same vector space. If we have a vector space V
and two different bases for V, say B = {v₁, v₂, ..., v_n} and B' = {v'₁, v'₂, ..., v'_n}, a change of basis matrix
allows us to express the coordinates of a vector in B' in terms of its coordinates in B, and vice versa.

Let a vector 'x' have coordinate representation [x]_B in basis B and [x]_B' in basis B'. The change of basis
matrix from B to B', denoted as P_{B'←B}, is the matrix such that [x]_B' = P_{B'←B} [x]_B. Conversely, the
change of basis matrix from B' to B, denoted as P_{B←B'}, satisfies [x]_B = P_{B←B'} [x]_B'. These matrices
are crucial for translating vector representations between different coordinate systems.

Coordinate Vectors

A coordinate vector represents a vector in terms of its coefficients with respect to a particular basis. For
example, if basis B = {v₁, v₂} and a vector x = av₁ + bv₂, then the coordinate vector of x with respect to B is
[x]_B = [[a], [b]]. The order of basis vectors is important; a different ordering would result in a different
coordinate vector, though the underlying vector remains the same.

The Transition Matrix Concept

The transition matrix encapsulates the relationship between two bases. It essentially tells us how each basis



vector of the initial basis can be expressed as a linear combination of the basis vectors of the target basis. This
is the fundamental idea behind the construction of these matrices.

Constructing Change of Basis Matrices

Constructing a change of basis matrix involves a systematic process, often utilizing the identity matrix and
the relationship between the old and new bases. Let's consider transitioning from a basis B to a basis B'. We
want to find a matrix P_{B'←B} such that when multiplied by a coordinate vector in basis B, it yields the
coordinate vector in basis B'.

The most straightforward method involves augmenting the new basis vectors with the old basis vectors.
Suppose we want to change from basis B = {b₁, b₂} to basis B' = {b'₁, b'₂}. We express each vector in B' as a
linear combination of vectors in B. For example, if b'₁ = c₁₁b₁ + c₂₁b₂ and b'₂ = c₁₂b₁ + c₂₂b₂, then the
coordinate vectors of the new basis vectors with respect to the old basis are [b'₁]_B = [[c₁₁], [c₂₁]] and [b'₂]_B =
[[c₁₂], [c₂₂]]. The change of basis matrix P_{B'←B} is formed by placing these coordinate vectors as its
columns: P_{B'←B} = [[c₁₁, c₁₂], [c₂₁, c₂₂]].

Expressing New Basis Vectors in Terms of Old Basis Vectors

This step is crucial. For each vector in the new basis (B'), we must determine its unique representation as a
linear combination of the vectors in the old basis (B). This is often achieved by setting up and solving a
system of linear equations. If B' = {v'₁, ..., v'_n} and B = {v₁, ..., v_n}, we solve for c_ij in the equations v'_j
= c₁jv₁ + c₂jv₂ + ... + c_njv_n for each j = 1, ..., n.

Forming the Matrix Columns

Once we have the coordinate vectors of the new basis vectors with respect to the old basis, we arrange
these column vectors to form the change of basis matrix. Specifically, if [v'_j]_B represents the coordinate
vector of v'_j in basis B, then the change of basis matrix from B to B' is given by P_{B'←B} = [[ [v'₁]_B |
[v'₂]_B | ... | [v'_n]_B ]].

Using the Identity Matrix

Another common approach, especially in computational settings, is to use the identity matrix. To find the
change of basis matrix from B to B', P_{B'←B}, we can form an augmented matrix [B' | B], where B' and B



are matrices whose columns are the basis vectors of B' and B, respectively. Applying row operations to
transform the left side (B') into the identity matrix (I) will transform the right side (B) into the desired
change of basis matrix P_{B'←B}. This is because the row operations effectively perform the change of basis
on the columns of B.

Properties of Change of Basis Matrices

Change of basis matrices possess several important properties that are fundamental to their utility in linear
algebra. Understanding these properties allows for more efficient manipulation and interpretation of results.

One of the most significant properties is that the change of basis matrix is always invertible. This is because
the basis vectors are linearly independent, ensuring that the matrix formed from them is non-singular. The
inverse of a change of basis matrix P_{B'←B} is the change of basis matrix for the reverse transformation,
i.e., P_{B←B'} = (P_{B'←B})⁻¹.

Invertibility

The invertibility of change of basis matrices is a direct consequence of the definition of a basis. Since the
basis vectors are linearly independent, they form a non-singular matrix. This property guarantees that we
can always convert back from the new basis to the original basis, making the transformation reversible.

Relationship Between Matrices

If we have three bases, B, B', and B'', and we want to change from B to B'' via B', the change of basis
matrix from B to B'' can be found by multiplying the intermediate matrices: P_{B''←B} = P_{B''←B'}
P_{B'←B}. This composition property is essential for chaining transformations and simplifying complex
sequences of basis changes.

Determinant Property

The determinant of a change of basis matrix is non-zero. Specifically, det(P_{B'←B}) ≠ 0. This further
reinforces its invertibility. The magnitude of the determinant can also relate to how the basis
transformation affects volumes in the vector space.



Applications of Change of Basis Matrices

The applications of change of basis matrices extend far beyond theoretical linear algebra, playing critical
roles in various scientific and engineering disciplines. Their ability to simplify representations makes them
invaluable for solving practical problems.

One primary application is in simplifying the representation of linear transformations. A linear
transformation, when represented by a matrix, can be quite complex. However, if we can find a basis in
which the matrix representation of the transformation is simpler (e.g., diagonal or triangular), change of
basis matrices allow us to transform the original matrix into this simpler form. This is particularly useful in
diagonalization, where we find eigenvalues and eigenvectors to represent a linear operator in a basis of
eigenvectors.

Diagonalization

Diagonalization is a prime example where change of basis matrices are indispensable. If a linear
transformation A has a basis of eigenvectors, we can construct a change of basis matrix P whose columns are
these eigenvectors. Then, the matrix representation of the transformation in the basis of eigenvectors is
given by P⁻¹AP, which is a diagonal matrix. This diagonal matrix contains the eigenvalues of A, and it
simplifies many calculations involving powers of the original matrix A.

Solving Systems of Differential Equations

In solving systems of linear ordinary differential equations, change of basis techniques, particularly
diagonalization, are frequently employed. By transforming the system into a basis where the coefficient
matrix is diagonal, the system decouples into a set of independent scalar differential equations, which are
much easier to solve.

Geometric Transformations

In computer graphics, change of basis matrices are used extensively for transformations like rotation,
scaling, and translation. While these are often handled by specialized transformation matrices, the
underlying principle of changing coordinate systems is rooted in change of basis concepts. For instance,
rotating an object might be easier if the rotation is performed in a coordinate system aligned with the axis
of rotation.



Data Analysis and Machine Learning

In fields like principal component analysis (PCA), change of basis is fundamental. PCA seeks to find a new
basis (principal components) that captures the maximum variance in the data. This involves transforming
the data into this new basis, often resulting in a dimensionality reduction and a simpler representation of
the data's structure.

Practical Examples in College Algebra

Let's illustrate the concept of change of basis matrices with a concrete example in R². Suppose we have the
standard basis B = {(1, 0), (0, 1)} and a new basis B' = {(2, 1), (1, -1)}.

We want to find the change of basis matrix from B to B', denoted as P_{B'←B}. To do this, we need to
express the vectors of the new basis B' in terms of the vectors of the old basis B.
The first vector in B' is (2, 1). In terms of the standard basis, this is 2(1, 0) + 1(0, 1). So, the coordinate vector
of (2, 1) with respect to B is [[2], [1]].
The second vector in B' is (1, -1). In terms of the standard basis, this is 1(1, 0) + (-1)(0, 1). So, the coordinate
vector of (1, -1) with respect to B is [[1], [-1]].

Now, we form the change of basis matrix P_{B'←B} by placing these coordinate vectors as columns:

P_{B'←B} = [[2, 1], [1, -1]]

Let's verify this. Consider a vector x = (5, 3). In the standard basis B, its coordinate vector is [x]_B = [[5], [3]].

If we want to find the coordinate vector of x in basis B', [x]_B', we can use the formula [x]_B' = P_{B'←B}
[x]_B. However, this formula is for transforming from B to B', meaning [x]_B' = P_{B'←B} [x]_B is
incorrect. The correct relationship is that if we have a vector represented in basis B, say [x]_B, and we
want its representation in basis B', [x]_B', then [x]_B' = P_{B'←B} [x]_B is incorrect if P_{B'←B} transforms
from B to B'. The correct formulation is that if [v]_B is the coordinate vector of v in basis B, and [v]_B' is its
coordinate vector in basis B', and P_{B'←B} is the matrix whose columns are the B-coordinates of the
vectors in B', then [v]_B = P_{B'←B} [v]_B'. This is confusing. Let's rephrase.

Let B = {v₁, v₂} and B' = {v'₁, v'₂}. The change of basis matrix from B to B', denoted P_{B'←B}, is the
matrix whose columns are the coordinates of the vectors of B' expressed in terms of the basis B. So, if v'₁ =
a₁v₁ + a₂v₂ and v'₂ = b₁v₁ + b₂v₂, then P_{B'←B} = [[a₁, b₁], [a₂, b₂]]. Then, for any vector x, if [x]_B = [[c₁],
[c₂]] and [x]_B' = [[d₁], [d₂]], the relationship is [x]_B = P_{B'←B} [x]_B'.

Let's go back to our example. B = {(1, 0), (0, 1)} and B' = {(2, 1), (1, -1)}.
We expressed the vectors of B' in terms of B:



(2, 1) = 2(1, 0) + 1(0, 1)
(1, -1) = 1(1, 0) - 1(0, 1)
So, the matrix whose columns are the B-coordinates of the B' vectors is [[2, 1], [1, -1]]. This matrix, let's call
it M, transforms coordinates from B' to B: [x]_B = M [x]_B'.

To find the coordinates of x = (5, 3) in basis B', [x]_B', we need to solve [x]_B = M [x]_B'.
[[5], [3]] = [[2, 1], [1, -1]] [[d₁], [d₂]]

This gives us the system of equations:

5 = 2d₁ + d₂

3 = d₁ - d₂

Adding the two equations: 8 = 3d₁, so d₁ = 8/3.

Substituting d₁ back into the second equation: 3 = 8/3 - d₂, so d₂ = 8/3 - 3 = 8/3 - 9/3 = -1/3.

Therefore, the coordinate vector of x = (5, 3) in basis B' is [x]_B' = [[8/3], [-1/3]].

Finding the Inverse Matrix

The inverse matrix, M⁻¹, will transform coordinates from B to B'.
M⁻¹ = (1 / det(M)) adj(M)
det(M) = (2)(-1) - (1)(1) = -2 - 1 = -3
adj(M) = [[-1, -1], [-1, 2]] (swapping diagonal elements and negating off-diagonal elements)

M⁻¹ = (1 / -3) [[-1, -1], [-1, 2]] = [[1/3, 1/3], [1/3, -2/3]]

So, the change of basis matrix from B to B' is P_{B'←B} = [[1/3, 1/3], [1/3, -2/3]].

Let's check: [x]_B' = P_{B'←B} [x]_B = [[1/3, 1/3], [1/3, -2/3]] [[5], [3]] = [[(1/3)5 + (1/3)3], [(1/3)5 + (-2/3)3]] =
[[5/3 + 3/3], [5/3 - 6/3]] = [[8/3], [-1/3]]. This matches our previous result.

Changing Linear Transformations

Consider a linear transformation T: R² → R² defined by T(v) = Av, where A = [[2, 1], [1, 3]]. Let B be the
standard basis and B' = {(2, 1), (1, -1)} be the new basis as before. We want to find the matrix representation
of T in basis B', denoted as [T]_{B'}.

We use the formula [T]_{B'} = P_{B'←B}⁻¹ A P_{B'←B}.
We already found P_{B'←B} = [[1/3, 1/3], [1/3, -2/3]].
The inverse matrix, P_{B'←B}⁻¹ = P_{B←B'}, transforms coordinates from B' to B. This is the matrix M we
calculated earlier: P_{B←B'} = [[2, 1], [1, -1]].



[T]_{B'} = [[2, 1], [1, -1]] [[2, 1], [1, 3]] [[1/3, 1/3], [1/3, -2/3]]

First multiplication: [[2, 1], [1, -1]] [[2, 1], [1, 3]] = [[22+11, 21+13], [12+(-1)1, 11+(-1)3]] = [[5, 5], [1, -2]]

Second multiplication: [[5, 5], [1, -2]] [[1/3, 1/3], [1/3, -2/3]] = [[5(1/3)+5(1/3), 5(1/3)+5(-2/3)], [1(1/3)+(-2)(1/3),
1(1/3)+(-2)(-2/3)]] = [[5/3+5/3, 5/3-10/3], [1/3-2/3, 1/3+4/3]] = [[10/3, -5/3], [-1/3, 5/3]]

So, the matrix representation of the linear transformation T in the basis B' is [[10/3, -5/3], [-1/3, 5/3]]. This
new matrix, when applied to coordinate vectors in B', will produce the coordinate vectors of the
transformed vectors in B'.

FAQ

Q: What is the fundamental purpose of a change of basis matrix in college
algebra?
A: The fundamental purpose of a change of basis matrix in college algebra is to convert the coordinate
representation of a vector from one basis to another within the same vector space. This allows for simpler
analysis and manipulation of vectors and linear transformations in different coordinate systems.

Q: How do I know which basis to choose when performing a change of
basis?
A: The choice of basis often depends on the specific problem you are trying to solve. A non-standard basis is
typically chosen because it simplifies the representation of a particular linear transformation or reveals
inherent structures in the data, such as in diagonalization or principal component analysis.

Q: Can a change of basis matrix be singular (non-invertible)?
A: No, a change of basis matrix cannot be singular. This is because the columns of the matrix are the basis
vectors of the new basis, expressed in terms of the old basis. Since basis vectors are linearly independent,
the matrix formed by them must be invertible.

Q: What is the relationship between the change of basis matrix from basis
A to B and from B to A?
A: The change of basis matrix from basis B to basis A is the inverse of the change of basis matrix from basis
A to B. If P_{B←A} is the matrix transforming coordinates from basis A to basis B, then P_{A←B} =
(P_{B←A})⁻¹.



Q: How are eigenvalues and eigenvectors related to change of basis
matrices?
A: Eigenvalues and eigenvectors are intimately related to change of basis matrices through the process of
diagonalization. If a matrix A has a full set of linearly independent eigenvectors, we can form a change of
basis matrix P where the columns are these eigenvectors. Then, P⁻¹AP results in a diagonal matrix whose
diagonal entries are the eigenvalues of A, representing the linear transformation in the basis of
eigenvectors.

Q: Are change of basis matrices used in computer graphics?
A: Yes, change of basis matrices are fundamental in computer graphics, although often abstracted. Concepts
like rotations, scaling, and translations are effectively coordinate transformations, which are based on the
principles of changing bases to simplify calculations or align objects with coordinate systems.

Q: How can I find the change of basis matrix if I am given the two bases
in terms of abstract vectors, not coordinate vectors?
A: If you are given bases B = {v₁, ..., v_n} and B' = {v'₁, ..., v'_n}, you first need to express each vector in B'
as a linear combination of the vectors in B. For instance, v'₁ = c₁₁v₁ + ... + c_n₁v_n. The coefficients c₁₁, ...,
c_n₁ form the first column of the change of basis matrix from B to B'. You repeat this for all vectors in B'.

Q: What is the practical implication of a change of basis on the
determinant of a linear transformation?
A: While the determinant of a linear transformation is invariant under a change of basis (det(P⁻¹AP) =
det(A)), the determinant of the change of basis matrix itself, det(P), represents a scaling factor for volumes.
If det(P) > 1, volumes are expanded; if 0 < det(P) < 1, volumes are contracted. If det(P) is negative, it
indicates a reflection.
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