
change of basis data science beginners
The topic of change of basis in data science can seem daunting for beginners, but
understanding it is crucial for grasping fundamental concepts in linear algebra,
dimensionality reduction, and machine learning algorithms. This article will demystify the
change of basis for beginners in data science, explaining what it is, why it's important, and
how it applies in practical scenarios. We will delve into the mathematical underpinnings,
explore the intuition behind transforming vector spaces, and highlight its role in
techniques like Principal Component Analysis (PCA) and Singular Value Decomposition
(SVD). By the end of this comprehensive guide, data science novices will possess a solid
foundational understanding of change of basis and its significance.
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What is a Basis in Vector Spaces?

Before diving into the concept of changing a basis, it's essential to understand what a
basis is in the context of vector spaces. In linear algebra, a basis is a fundamental building
block that defines a coordinate system. It's a set of linearly independent vectors that can
be used to express any other vector within that space as a unique linear combination of
these basis vectors. Think of it as the fundamental "directions" or "axes" that span your
entire space. For a vector space of dimension 'n', any basis will consist of exactly 'n'
linearly independent vectors.

The most familiar basis is the standard basis, often denoted as 'e1', 'e2', etc., in Euclidean
spaces. For a 2D space, the standard basis vectors are typically (1, 0) and (0, 1). Any
vector, say (3, 4), can be uniquely represented as 3 times (1, 0) plus 4 times (0, 1). This
representation is tied to the standard basis. If we were to choose a different set of vectors
as our basis, the coordinates of the same vector (3, 4) would change, even though the
vector itself remains unchanged in its geometrical position. This concept of expressing
vectors relative to a set of basis vectors is key to understanding the need for a change of
basis.

Understanding Change of Basis

A change of basis, also known as a change of coordinates, is the process of transforming



the representation of a vector from one basis to another. Imagine you have a point plotted
on a graph using a standard grid (the standard basis). A change of basis is akin to rotating
or stretching that grid and then re-expressing the coordinates of your point relative to this
new grid. The point itself doesn't move; only its description changes. This transformation
allows us to view the same underlying mathematical object from a different perspective,
which can often simplify problems or reveal hidden structures.

The core idea is that a vector is an abstract entity, and its coordinate representation
depends entirely on the chosen basis. When we perform a change of basis, we are
essentially changing the reference frame. This is not just a cosmetic change; it can have
profound implications for how we analyze and manipulate data. For data science
beginners, grasping this abstract concept is a critical first step before delving into the
mechanics.

The Mathematics of Change of Basis

Mathematically, a change of basis is facilitated by a transformation matrix, often called
the change-of-basis matrix or transition matrix. Let's say we have an original basis B =
{v1, v2, ..., vn} and a new basis B' = {u1, u2, ..., un} for the same vector space. If a vector
'x' has coordinates [c1, c2, ..., cn] with respect to basis B, meaning x = c1v1 + c2v2 + ... +
cnvn, and we want to find its new coordinates [c'1, c'2, ..., c'n] with respect to basis B',
such that x = c'1u1 + c'2u2 + ... + c'nun.

The change-of-basis matrix, let's call it P, from basis B to B', has columns that are the
representations of the new basis vectors {u1, u2, ..., un} in terms of the old basis {v1, v2,
..., vn}. If we have the coordinate vector of 'x' in the old basis as 'c', then the coordinate
vector of 'x' in the new basis, 'c'', can be found by multiplying 'c' by the inverse of the
matrix that expresses the old basis vectors in terms of the new basis vectors. Alternatively,
if P is the matrix whose columns are the vectors of the new basis expressed in the old
basis, then the new coordinate vector 'c'' is given by c' = P⁻¹c. For beginners, it's crucial
to understand that this matrix acts as a bridge between the two coordinate systems.

Representing Vectors in a New Basis

To represent a vector in a new basis, we need to understand how the original basis vectors
are related to the new ones. Suppose the new basis vectors {u1, u2, ..., un} can be
expressed as linear combinations of the old basis vectors {v1, v2, ..., vn}. For example, u1
= a11v1 + a21v2 + ... + an1vn, and so on for each ui. If we form a matrix P where the j-th
column is the coordinate vector of uj in the old basis, then P is the change-of-basis matrix
from B' to B. To go from basis B to basis B', we would need the inverse of this matrix, P⁻¹.

The process involves finding this transformation matrix and applying it. If 'x' has
coordinate vector 'c' in basis B, and we want to find its coordinate vector 'c'' in basis B',
the relationship is typically c' = P⁻¹c, where P is the matrix whose columns are the vectors
of the new basis B' expressed in terms of the old basis B. This inverse operation effectively



"undoes" the transformation that expresses the new basis in terms of the old, allowing us
to get the coordinates in the new system.

The Role of the Transformation Matrix

The transformation matrix is the linchpin of any change of basis operation. It encodes the
relationship between the two coordinate systems. If we consider the standard basis as the
reference, then any vector can be thought of as a linear combination of the standard basis
vectors, and its coordinates are simply the coefficients of this combination. When we
change to a new basis, we are essentially asking how to express the vector in terms of the
new basis vectors. The transformation matrix provides the precise linear mapping to
achieve this.

For instance, if we have a vector 'v' and want to find its representation in a new basis B',
we can construct a matrix P whose columns are the basis vectors of B' expressed in the
original basis B. Then, the coordinate vector of 'v' in basis B', denoted as [v]B', can be
found by multiplying the coordinate vector of 'v' in basis B, denoted as [v]B, by the inverse
of P. That is, [v]B' = P⁻¹[v]B. This matrix multiplication elegantly performs the coordinate
transformation, making complex geometric interpretations manageable through algebraic
operations.

Why is Change of Basis Important in Data
Science?

In data science, data often resides in high-dimensional spaces, making it computationally
expensive and difficult to visualize or analyze directly. A change of basis is fundamental to
many dimensionality reduction techniques, which aim to represent the data in a lower-
dimensional space while preserving as much of the important information as possible. By
transforming the data into a new basis, we can often find a representation where the
underlying structure is more apparent, and redundant information is minimized.

Furthermore, certain algorithms are designed to work more efficiently or effectively when
the data is presented in a specific coordinate system. Changing the basis allows us to align
the data with these algorithmic preferences. For example, rotating the data might align its
principal components with the coordinate axes, simplifying subsequent computations or
interpretations. This ability to reframe data is a powerful tool for uncovering patterns and
building robust models.

Applications of Change of Basis in Data Science

The applications of change of basis are widespread in data science, underpinning several
key techniques. One of the most prominent examples is Principal Component Analysis



(PCA). PCA involves finding a new orthogonal basis (the principal components) such that
the data, when projected onto these components, has the maximum possible variance. This
is achieved by rotating the data into this new basis, where the first few components
capture the most variability.

Another significant application is in Singular Value Decomposition (SVD). SVD
decomposes a matrix into three other matrices, and these transformations can be
understood through the lens of changing bases. SVD is widely used in recommendation
systems, image compression, and natural language processing. Understanding change of
basis provides a deeper intuition for how these powerful decomposition methods work and
why they are effective in extracting meaningful features from data.

Principal Component Analysis (PCA)

Singular Value Decomposition (SVD)

Linear Discriminant Analysis (LDA)

Matrix Factorization techniques

Feature Extraction and Transformation

Principal Component Analysis (PCA) Explained

Principal Component Analysis (PCA) is a cornerstone technique for dimensionality
reduction in data science. At its heart, PCA uses a change of basis. The goal of PCA is to
find a new set of orthogonal axes, called principal components, which are linear
combinations of the original features. These new axes are ordered such that the first
principal component captures the largest possible variance in the data, the second
captures the next largest variance orthogonal to the first, and so on.

To achieve this, PCA effectively rotates the data into a new coordinate system defined by
these principal components. This new basis is chosen to maximize the spread of the data
along its primary directions of variation. By discarding the principal components that
capture minimal variance, we can reduce the dimensionality of the dataset while retaining
most of the essential information. The change of basis here is not arbitrary; it's carefully
constructed to find the most informative representation of the data.

Singular Value Decomposition (SVD) and Basis
Transformation

Singular Value Decomposition (SVD) is a matrix factorization technique that can also be
interpreted through the concept of changing bases. SVD decomposes any matrix A into



three matrices: U, Σ, and Vᵀ. The columns of U and V represent orthogonal bases, and Σ
contains the singular values, which indicate the "strength" or importance of each
corresponding basis vector. SVD essentially reveals two orthogonal bases for the row and
column spaces of the matrix, and how the matrix maps vectors from one space to the
other.

When applied to data, SVD can be used for dimensionality reduction, noise reduction, and
feature extraction. The change of basis involved in SVD allows us to decompose the data's
variance and covariance structure, revealing underlying patterns. The transformation
matrices U and V can be seen as change-of-basis matrices that rotate the data into
different, often more interpretable, spaces. For data science beginners, grasping SVD
involves understanding these underlying linear transformations.

Practical Examples and Intuition

Let's consider a simple intuitive example. Imagine you are tracking the movement of a
robot on a 2D plane. You could describe its position using standard Cartesian coordinates
(x, y) with respect to the x and y axes. This is your initial basis. Now, suppose you decide
to rotate your entire coordinate system by 45 degrees. The robot's actual position in space
hasn't changed, but its coordinates (x', y') with respect to this new, rotated basis will be
different. The change of basis is the mathematical operation that converts (x, y) to (x', y').

In data science, instead of physical movement, we're dealing with data points. If we have
data about customer spending habits across various products, our initial basis might be
the individual products. A change of basis could transform this into a new basis
representing underlying consumer preferences (e.g., "luxury seeker," "budget-conscious").
The same customer data, when expressed in this new preference-based basis, might reveal
patterns that were hidden in the product-centric view.

Geometric Interpretation

Geometrically, a change of basis can be visualized as rotating, scaling, or shearing the
coordinate axes of a vector space. When we change from one basis to another, we are
essentially redefining what it means to move one unit along each axis. The vectors
themselves are invariant to this change; only their numerical representation changes. This
geometric perspective is crucial for building intuition, especially when dealing with
higher-dimensional spaces where direct visualization is impossible.

For instance, transforming a dataset into a new basis via PCA can be seen as rotating the
data cloud so that its longest dimension aligns with a new axis. This rotation,
mathematically, is a change of basis. The original axes might be arbitrary features, while
the new axes (principal components) represent directions of maximal data spread, offering
a more fundamental description of the data's geometry.



Computational Efficiency

Beyond interpretability, changing the basis can lead to significant computational
efficiencies. Certain linear algebra operations, such as matrix multiplication or solving
linear systems, become much faster or simpler in specific bases. For example, diagonal
matrices are much easier to work with than general matrices. If a change of basis can
transform a matrix into a diagonal or near-diagonal form, it can drastically reduce the
computational cost of subsequent operations.

In machine learning, this translates to faster model training, inference, and more efficient
data processing. Techniques like PCA achieve this by finding a basis where the covariance
matrix is diagonal, meaning the principal components are uncorrelated. This diagonal
structure simplifies many calculations and is a key reason for the widespread use of basis
transformations in computational data science.

Common Pitfalls for Beginners

One common pitfall for data science beginners is confusing the vector itself with its
coordinate representation. A vector is an abstract geometric object, while its coordinates
are merely its description relative to a specific basis. When performing a change of basis,
it's crucial to remember that the underlying vector remains the same. Mistaking the
change in coordinates for a change in the vector itself can lead to fundamental
misunderstandings.

Another frequent error involves incorrectly constructing or applying the change-of-basis
matrix. Beginners might mix up the matrix that expresses the old basis in terms of the new
versus the one that expresses the new in terms of the old, or they might forget to invert
the matrix when necessary. Understanding the direction of the transformation (from basis
A to basis B) is paramount to correctly applying the matrix operations. Carefully
distinguishing between the original basis, the new basis, and the transformation matrix is
key to avoiding these errors.

Confusing Vectors and Coordinates

The abstract nature of vectors can be a challenge. A vector like (3, 4) is a specific
numerical representation in the standard 2D basis. If we change the basis, the same
vector might be represented as, for example, (√2, 0) in a rotated basis (this is a simplified
example). The number pair has changed, but the vector's magnitude and direction in the
underlying space have not. Beginners sometimes get lost in the numbers and forget the
invariant geometric entity they represent. This distinction is vital for understanding
transformations.

It's helpful to think of it like this: a book has content (the vector), but you can read it in
English, Spanish, or French (different bases). The story remains the same, but the words



used to describe it change. In data science, the "story" is the data's intrinsic structure, and
the "words" are its coordinate representations.

Incorrect Matrix Inversion/Application

The mechanics of applying the change-of-basis matrix can also trip up beginners. Suppose
you have a vector 'x' represented in basis B as [x]B and you want its representation in
basis B' as [x]B'. If P is the matrix whose columns are the vectors of B' expressed in basis
B, then [x]B' = P⁻¹[x]B. Forgetting the inversion, or using the wrong matrix (e.g., using P
directly instead of P⁻¹), will lead to incorrect results. A solid grasp of matrix algebra and
the specific role of the change-of-basis matrix is necessary.

It’s also important to ensure the dimensions of the matrices and vectors are compatible for
multiplication. Data scientists often work with matrices where columns represent data
points and rows represent features, or vice versa. The conventions for constructing the
change-of-basis matrix (e.g., whether basis vectors form columns or rows) can vary, so
careful attention to detail is required.

The concept of change of basis is a fundamental pillar in linear algebra with far-reaching
implications in data science. By understanding how to transform data from one coordinate
system to another, beginners can unlock a deeper appreciation for powerful techniques
like PCA and SVD. This ability to reframe data allows for more efficient computation,
enhanced interpretability, and the discovery of hidden patterns. While the mathematics
can initially seem complex, focusing on the intuition behind geometric transformations and
the precise role of the change-of-basis matrix will pave the way for a robust
understanding. Mastering this concept is a significant step forward for any aspiring data
scientist.

FAQ

Q: What is the simplest way to understand "change of
basis" for a beginner?
A: Imagine you have a map of a city drawn on a grid. The grid lines represent your "basis."
You can describe the location of any landmark by its coordinates on this grid (e.g., 3
blocks east, 5 blocks north). A "change of basis" is like getting a new map of the same city,
but this new map is rotated or has a different grid system. The landmarks haven't moved,
but their coordinates on the new map will be different.

Q: Why is learning about change of basis important for
data science beginners?
A: It's important because many core data science techniques, like dimensionality reduction



(PCA) and matrix factorization (SVD), rely heavily on changing the way data is
represented. Understanding change of basis helps you grasp how these techniques work,
why they are effective, and how they simplify complex datasets.

Q: How does change of basis relate to Principal
Component Analysis (PCA)?
A: PCA finds a new set of directions (principal components) in your data that capture the
most variance. It essentially performs a change of basis, rotating your data so that these
new directions (components) become the axes of your new coordinate system. This allows
you to represent your data more compactly.

Q: Is a change of basis always a rotation?
A: Not necessarily. A change of basis can involve rotations, scaling, shearing, and other
linear transformations. The specific type of transformation depends on the relationship
between the original and the new basis vectors. In PCA, for example, the change of basis
results in an orthogonal transformation (rotation and possibly reflection).

Q: What happens to the data points when we perform a
change of basis?
A: The data points themselves, as abstract entities in space, do not change. What changes
is their description or representation in terms of coordinates. If you have a vector, its
magnitude and direction remain the same, but the numerical values used to express it will
differ depending on the basis chosen.

Q: Can changing the basis make data analysis easier?
A: Yes, absolutely. A well-chosen new basis can reveal underlying patterns, reduce noise,
make data more amenable to visualization, and significantly speed up computational
processes. For example, transforming data into a basis where features are uncorrelated
can simplify many statistical and machine learning algorithms.

Q: What is a "basis vector" in simple terms?
A: A basis vector is like a fundamental "step" or "direction" that you can use to build any
other vector in a space. If you have a standard 2D basis of (1,0) and (0,1), you can reach
any point by taking a certain number of steps along the first direction and a certain
number of steps along the second.

Q: If I change the basis, will my machine learning



model's performance change?
A: It can. If the new basis reveals the underlying structure of the data more effectively, it
might lead to improved model performance, especially for models sensitive to feature
correlations or scale. Conversely, an arbitrary or poorly chosen basis might degrade
performance. Techniques like PCA aim to find a basis that enhances model performance
by reducing dimensionality and highlighting key variations.
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