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Mastering the Chain Rule for Multivariable Functions: A Deep Dive into Khan Academy's
Approach

chain rule multivariable khan academy provides an indispensable resource for
students grappling with one of the most fundamental yet often challenging concepts in
calculus: the chain rule for multivariable functions. This powerful differentiation technique
allows us to find the rate of change of a composite function where the inner functions
themselves depend on multiple variables. Khan Academy's approach breaks down this
intricate topic into digestible parts, offering clear explanations, illustrative examples, and
practice problems designed to build a strong conceptual understanding and practical
application skills. This article will explore the core principles of the multivariable chain
rule as presented by Khan Academy, delving into its various forms, its applications, and
the pedagogical methods employed to ensure mastery. We will cover the general form, the
case with an intermediate variable, and the extension to multiple intermediate variables,
providing a comprehensive overview for learners at all levels.
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Understanding the Foundation: Single-Variable Chain Rule Review

Before diving into the complexities of multivariable calculus, it's crucial to have a solid
grasp of the single-variable chain rule. This rule is the bedrock upon which the
multivariable version is built. Khan Academy typically begins its multivariable calculus
modules with a concise review of the single-variable chain rule. The single-variable chain
rule states that if $y$ is a function of $u$, and $u$ is a function of $x$, then the derivative
of $y$ with respect to $x$ is the product of the derivative of $y$ with respect to $u$ and
the derivative of $u$ with respect to $x$: $\frac{dy}{dx} = \frac{dy}{du} \cdot
\frac{du}{dx}$.

This principle highlights the idea of "chaining" derivatives together, reflecting how a
change in the outermost variable is propagated through the intermediate variables to the
independent variable. Understanding the concept of instantaneous rates of change and
how they multiply in a sequential dependency is key. Khan Academy's resources
emphasize this foundational understanding through intuitive explanations and visual aids,
ensuring that students are well-prepared for the added dimensions of multivariable
functions.

Introducing the Multivariable Chain Rule: The Core Concept



The multivariable chain rule extends this idea to functions of multiple variables. When we
have a function whose output depends on several other functions, and those functions, in
turn, depend on a set of independent variables, the chain rule provides the mechanism to
differentiate the composite function. At its heart, the multivariable chain rule is about
understanding how a change in an independent variable affects the final output,
considering all possible paths of influence through the intermediate variables. Khan
Academy presents this by considering a scalar-valued function $f$ that depends on
variables $u_1, u_2, \ldots, u_n$, and each of these variables $u_i$ depends on a set of
independent variables, typically $x_1, x_2, \ldots, x_m$.

The core idea is that the total rate of change of $f$ with respect to one of the independent
variables, say $x_j$, is the sum of the rates of change of $f$ with respect to each
intermediate variable $u_i$, each multiplied by the rate of change of that intermediate
variable $u_i$ with respect to $x_j$. This summation accounts for all the ways the
independent variable $x_j$ can influence the final output $f$.

The Chain Rule with One Intermediate Variable

A common scenario introduced by Khan Academy is the multivariable chain rule when a
function $z = f(x, y)$ has its variables $x$ and $y$ as functions of a single independent
variable, say $t$. In this case, $x = g(t)$ and $y = h(t)$, making $z$ effectively a function
of $t$ alone: $z(t) = f(g(t), h(t))$. The chain rule formula for this situation is:

$\frac{dz}{dt} = \frac{\partial z}{\partial x} \frac{dx}{dt} + \frac{\partial z}{\partial y}
\frac{dy}{dt}$

Here, $\frac{\partial z}{\partial x}$ and $\frac{\partial z}{\partial y}$ are partial
derivatives, indicating how $z$ changes with respect to $x$ and $y$ while treating the
other as constant. $\frac{dx}{dt}$ and $\frac{dy}{dt}$ are ordinary derivatives, as $x$
and $y$ depend solely on $t$. Khan Academy emphasizes the interpretation: the total rate
of change of $z$ with respect to $t$ is the sum of the change in $z$ due to changes in $x$
(propagated through $\frac{dx}{dt}$) and the change in $z$ due to changes in $y$
(propagated through $\frac{dy}{dt}$). Understanding the notation of partial derivatives
and ordinary derivatives is crucial here.

The Chain Rule with Multiple Intermediate Variables

The multivariable chain rule becomes more intricate and powerful when the function $f$
depends on multiple intermediate variables, and each of these intermediate variables
depends on multiple independent variables. Let $w = f(x, y, z)$, where $x$, $y$, and $z$
are themselves functions of two independent variables, $u$ and $v$. So, $x = g(u, v)$, $y
= h(u, v)$, and $z = k(u, v)$. We can then find the partial derivatives of $w$ with respect
to $u$ and $v$.

To find $\frac{\partial w}{\partial u}$, we consider how $w$ changes due to changes in
$x$, $y$, and $z$, each of which is influenced by $u$. This leads to the general form:

$\frac{\partial w}{\partial u} = \frac{\partial w}{\partial x} \frac{\partial x}{\partial u}
+ \frac{\partial w}{\partial y} \frac{\partial y}{\partial u} + \frac{\partial w}{\partial z}
\frac{\partial z}{\partial u}$



Similarly, for $\frac{\partial w}{\partial v}$:

$\frac{\partial w}{\partial v} = \frac{\partial w}{\partial x} \frac{\partial x}{\partial v} +
\frac{\partial w}{\partial y} \frac{\partial y}{\partial v} + \frac{\partial w}{\partial z}
\frac{\partial z}{\partial v}$

Khan Academy's approach to this topic involves breaking down the process into these
summations, clearly illustrating the partial derivatives involved at each stage. This form is
particularly useful in fields like physics and engineering where multiple parameters
influence a system's behavior.

Navigating Composite Functions with Several Independent Variables

When the structure of the composite function is more complex, involving a function $f$
that depends on $n$ intermediate variables $u_1, u_2, \ldots, u_n$, and each of these
$u_i$ functions depends on $m$ independent variables $x_1, x_2, \ldots, x_m$, the chain
rule becomes a systematic sum over all possible paths. For any given independent variable
$x_j$ (where $j$ ranges from 1 to $m$), the partial derivative of $f$ with respect to $x_j$
is given by:

$\frac{\partial f}{\partial x_j} = \frac{\partial f}{\partial u_1} \frac{\partial u_1}{\partial
x_j} + \frac{\partial f}{\partial u_2} \frac{\partial u_2}{\partial x_j} + \cdots +
\frac{\partial f}{\partial u_n} \frac{\partial u_n}{\partial x_j}$

This can be expressed more compactly using summation notation:

$\frac{\partial f}{\partial x_j} = \sum_{i=1}^{n} \frac{\partial f}{\partial u_i}
\frac{\partial u_i}{\partial x_j}$

Khan Academy often employs tree diagrams to visually represent these dependencies,
which can be extremely helpful in organizing the terms needed for the chain rule
calculation. Each branch of the tree represents a path from an independent variable to the
final function's output, and the chain rule combines the contributions from all such paths.

Applications of the Multivariable Chain Rule

The multivariable chain rule is not just a theoretical construct; it has widespread practical
applications across various disciplines. Khan Academy frequently highlights these to
motivate the learning of the concept.

Some key applications include:

Physics: Calculating how a quantity like energy or force changes with respect to
parameters that are themselves changing over time or space. For example, if kinetic
energy $K = \frac{1}{2}mv^2$ and velocity $v$ depends on time $t$ and position $x$,
the chain rule helps find $\frac{dK}{dt}$.
Economics: Modeling how economic indicators change when underlying economic
variables are adjusted.
Engineering: Analyzing system responses where multiple input parameters are varied.
This is crucial in optimization problems and sensitivity analysis.
Computer Graphics and Machine Learning: Understanding gradients for optimization



algorithms, particularly in neural networks where outputs depend on many weighted
inputs. The chain rule (backpropagation) is fundamental to training these models.
Related Rates Problems: Extending single-variable related rates to scenarios involving
multiple variables that are changing simultaneously.

Khan Academy's examples often draw from these fields, demonstrating the tangible value
of mastering the chain rule.

Khan Academy's Pedagogical Strategy for the Chain Rule

Khan Academy's success in teaching complex mathematical concepts like the multivariable
chain rule stems from its carefully crafted pedagogical approach. This strategy typically
involves:

Visualizations and Analogies: Using diagrams, like the dependency trees
mentioned earlier, to make abstract relationships concrete.

Step-by-Step Examples: Breaking down complex problems into smaller,
manageable steps, showing the application of each part of the chain rule formula.

Clear Notation: Consistently using and explaining standard calculus notation,
including partial and ordinary derivatives.

Progressive Difficulty: Starting with simpler cases (like the single-variable review
and the one-intermediate-variable case) and gradually introducing more complex
scenarios.

Interactive Practice: Providing numerous practice problems with immediate
feedback, allowing students to test their understanding and identify areas for
improvement.

Conceptual Explanations: Focusing not just on the mechanics of applying the
formula but on the underlying intuition and meaning of the chain rule.

This combination of clear instruction, visual aids, and ample practice ensures that learners
can develop both a superficial ability to apply the rules and a deep conceptual
understanding of how and why the multivariable chain rule works. The emphasis on
understanding the "why" behind the "how" is a hallmark of Khan Academy's educational
philosophy.

FAQ: Chain Rule Multivariable Khan Academy

Q: What is the primary purpose of the chain rule in multivariable calculus?
A: The primary purpose of the chain rule in multivariable calculus is to differentiate
composite functions. It allows us to find the rate of change of a function that depends on
other functions, which themselves might depend on multiple variables. Essentially, it helps
us understand how changes in independent variables propagate through intermediate
variables to affect the final output.



Q: How does the multivariable chain rule differ from the single-variable chain rule?
A: The single-variable chain rule deals with functions where a dependent variable is a
function of one intermediate variable, which is in turn a function of one independent
variable. The multivariable chain rule extends this to cases where the dependent function
can have multiple intermediate variables, and these intermediate variables can themselves
be functions of multiple independent variables. This involves sums of products of
derivatives and the use of partial derivatives.

Q: Can you provide a simple example of the chain rule with one intermediate variable as
taught on Khan Academy?
A: Yes, Khan Academy often uses an example like $z = f(x, y)$, where $x = g(t)$ and $y =
h(t)$. The chain rule to find $\frac{dz}{dt}$ is $\frac{dz}{dt} = \frac{\partial z}{\partial
x} \frac{dx}{dt} + \frac{\partial z}{\partial y} \frac{dy}{dt}$. For instance, if $z = x^2y
+ y^3$, $x = \cos(t)$, and $y = \sin(t)$, one would first find $\frac{\partial z}{\partial x}
= 2xy$, $\frac{\partial z}{\partial y} = x^2 + 3y^2$, $\frac{dx}{dt} = -\sin(t)$, and
$\frac{dy}{dt} = \cos(t)$, then substitute these into the chain rule formula.

Q: What are partial derivatives and why are they important for the multivariable chain
rule?
A: Partial derivatives measure the rate of change of a multivariable function with respect
to one of its variables, while holding all other variables constant. They are crucial for the
multivariable chain rule because the intermediate functions can depend on multiple
independent variables, and we need to understand how the main function changes with
respect to each intermediate variable individually before chaining those changes.

Q: How does Khan Academy visually represent the relationships for the multivariable
chain rule?
A: Khan Academy often uses dependency trees or diagrams. These trees show the final
function at the top, branching down to its intermediate variables, and then further
branching to the independent variables. This visual aid helps students identify all the
necessary partial and ordinary derivatives required for the chain rule calculation by
tracing all possible paths of dependence.

Q: What are some common applications of the multivariable chain rule discussed on Khan
Academy?
A: Khan Academy highlights applications in physics (e.g., rates of change of physical
quantities), engineering (e.g., system analysis and optimization), economics (e.g.,
modeling economic relationships), and computer science (e.g., backpropagation in
machine learning). These examples illustrate the real-world utility of the concept.

Q: Does Khan Academy provide practice problems for the multivariable chain rule?
A: Yes, Khan Academy offers a comprehensive set of practice exercises and quizzes
specifically designed for the multivariable chain rule. These problems vary in difficulty and
cover different forms of the rule, allowing students to solidify their understanding and
build confidence in applying the formulas.

Q: How can I best utilize Khan Academy to learn the multivariable chain rule?
A: To best learn the multivariable chain rule on Khan Academy, it's recommended to start
with the review of the single-variable chain rule, then progress through the introductory
multivariable concepts, focusing on the examples provided. Watching all the instructional
videos, attempting every practice problem, and reviewing any incorrect answers



thoroughly are key steps to mastery.
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